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Introduction
Non-Intrusive Reduced Basis 2-grid (NIRB) method

I Several numerical analyses of the 2-grid method
FEM context
FV schemes
Parabolic equations

I Development of new NIRB methods
I Non-intrusive implementation in a Python module
I Application to offshore wind turbines
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Introduction
I Meniscus tissue regeneration
I Parameter identification & Sensitivity analysis
I NIRB method with parabolic equations
I NIRB method in the context of sensitivity analysis

Figure: Meniscus
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Motivation

I Meniscectomy leads to premature osteoarthritis of the knee joint
I New paradigm of healing by repair and regeneration of meniscus tissue
I Replacement tissue for cartilage is successfully generated based on cell

cultured scaffolds

3 / 27



NIRB &
Sensitivity

analysis

Elise
Grosjean

Meniscus
Tissue
regeneration

Parameter
identifica-
tion

Sensitivity
analysis

NIRB
method
NIRB method
with parabolic
equations

NIRB method
on sensitivity
analysis

Motivation

Figure: Cell cultured scaffold
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Motivation
I Identification of crucial stimuli for chondrocytes and stem cells

(ADSCs) w.r.t. cell proliferation, differentiation, and migration

Figure: The macroscopic model 1

1C. Engwer, T. Hillen, M. Knappitsch, C. Surulescu Glioma follow white matter tracts: a multiscale
DTI-based model. 2014.
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Motivation
I Identification of crucial stimuli for chondrocytes and stem cells

(ADSCs) w.r.t. cell proliferation, differentiation, and migration
Forward simulation of scaffold and cell colonization in perfusion
chamber

Density of the adipose tissue-derived stem cells
(FreeFem++)
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Motivation

I Identification of crucial stimuli for chondrocytes and stem cells
(ADSCs) w.r.t. cell proliferation, differentiation, and migration

Forward simulation of scaffold and cell colonization in perfusion
chamber

Mechanical stimulus
(FreeFem++)
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Motivation
I Identification of crucial stimuli for chondrocytes and stem cells

(ADSCs) w.r.t. cell proliferation, differentiation, and migration
Forward simulation of scaffold and cell colonization in perfusion
chamber
Parameter identification
Sensitivity analysis
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Motivation
I Identification of crucial stimuli for chondrocytes and stem cells

(ADSCs) w.r.t. cell proliferation, differentiation, and migration
Forward simulation of scaffold and cell colonization in perfusion
chamber
Parameter identification
Sensitivity analysis

Geometry
Initial condition for the densities
Rates for ADSCs, chondrocytes and cartilage
Macroscopic density of scaffold fibers
Consumption of hyaluron by ADSCs
Stress
…
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Motivation
I Identification of crucial stimuli for chondrocytes and stem cells

(ADSCs) w.r.t. cell proliferation, differentiation, and migration
Forward simulation of scaffold and cell colonization in perfusion
chamber
Parameter identification
Sensitivity analysis

Geometry Initial condition for the interstitial fluid
Initial condition for the densities Porosity
Rates for ADSCs, chondrocytes and cartilage Fluid density
Macroscopic density of scaffold fibers Young’s modulus
Consumption of hyaluron by ADSCs Poisson’s ratio
Stress Lamé coefficients
… Dynamic viscosity

Permeability
…
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Motivation
I Identification of crucial stimuli for chondrocytes and stem cells

(ADSCs) w.r.t. cell proliferation, differentiation, and migration
Forward simulation of scaffold and cell colonization in perfusion
chamber
Parameter identification
Sensitivity analysis

Non-Intrusive Reduced Basis 2-grid (NIRB) method 2 with parabolic
equations 3

2R. Chakir, Y. Maday, A two-grid finite-element/reduced basis scheme for the approximation of the
solution of parameter dependent PDE. 2009.

3E. G., Y. Maday, Error estimate of the Non-Intrusive Reduced Basis (NIRB) two-grid method with
parabolic equations. 2022.
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Parametric problem

Parameter identification & Sensitivity analysis
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Parametric problem
IVP

P : (u0, t, x, p) → u(t, x; p), t ∈ [0,T] x ∈ Ω, p ∈ RP.

Numerical solution
Ph : (u0

h, tk, x, p) → uk
h(x; p), k ∈ 0, . . . ,NT, x ∈ Ω, p ∈ RP.

Measures with true parameter p{
u(t, x), t ∈]0,T], x ∈ Ω,

u(0, x) = u0(x), x ∈ Ω.
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Parameter identification

F(p) =
T/∆t∑
k=1

‖uk
h(p)− uk‖2

L2︸ ︷︷ ︸
‖err(tk;p)‖2

L2

,

↙ ↘

Gauss − Newton Gradient descent
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Performance measure

F(p) =
T/∆t∑
k=1

gkuk
h(p),
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Sensitivities

Ψk
j (x; p) :=

∂uk
h

∂pj
(x; p) or ∂F

∂pj
(p)

Normalized sensitivity coefficients (elasticity of P)

Sj =
∂F
∂pj

(p)× pj

F(p)
, j = 1, . . . ,P.

Net change in performance measure

∆F =
P∑

j=1

∂F
∂pj

(p)×∆pj, j = 1, . . . ,P.

4E. Borgonovo, E. Plischke, Sensitivity analysis: a review of recent advances. 2016.
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Sensitivity analysis

PIVP :


∂u
∂t (t, x; p) = f(u, t, x, p), in Ω×]0,T],

u(0, x; p) = u0(x, p), in Ω,

+BCs.

Forward method
( ∂u
∂pj

)j=1,...,P
Pj


∂Ψj
∂t = ∂uf ·Ψj + ∂pjf, in Ω×]0,T],

Ψj(0) = Ψ0
j , in Ω,

+BCs.

Backward method
(∂F∂pj

)j=1,...,P
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Sensitivity analysis

PIVP :


∂u
∂t (t, x; p) = f(u, t, x, p), in Ω×]0,T],

u(0, x; p) = u0(x, p), in Ω,

+BCs.

Forward method
( ∂u
∂pj

)j=1,...,P
Pj


∂Ψj
∂t = ∂uf ·Ψj + ∂pjf, in Ω×]0,T],

Ψj(0) = Ψ0
j , in Ω,

+BCs.

Backward method
(∂F∂pj

)j=1,...,P
L(u, λ; p) = F(p) +

∫ T
0
∫
Ω λ · (f − ∂u

∂t ) dx dt
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∂t = ∂uf ·Ψj + ∂pjf, in Ω×]0,T],

Ψj(0) = Ψ0
j , in Ω,

+BCs.

Backward method
(∂F∂pj

)j=1,...,P
P∗


∂λ
∂t = −( ∂f

∂u)
Tλ− 2(∂err

∂u )T, in Ω× [0,T[,

λ(T) = 0, in Ω,

+BCs.
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Sensitivity analysis

PIVP :


∂u
∂t (t, x; p) = f(u, t, x, p), in Ω×]0,T],

u(0, x; p) = u0(x, p), in Ω,

+BCs.

Forward method
( ∂u
∂pj

)j=1,...,P
IVP + P systems to solve …

Backward method
(∂F∂pj

)j=1,...,P
IVP + 1 system to solve …
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NIRB method

How to Reduce the computational costs of these
parameter-dependent problems?
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Introduction to the NIRB methods

Reduced basis methods

b

b b

b M

V

Figure: Solution manifold

M = {u(µ) ∈ V| µ ∈ G} ⊂ V.

I Parameter: µ = (t, p) ∈ G,
I Solution: u(µ) ∈ V.

12 / 27
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Introduction to the NIRB methods

Reduced basis methods

b

b b

b

u(µ1)

u(µ2)

b

b

b

MXN

V

u(µ)
Figure: Solution manifold

M = {u(µ) ∈ V| µ ∈ G} ⊂ V.

I XN Reduced basis space,
I Parameters µ1, . . . , µN ∈ G,
I Snapshots u(µ1), . . . , u(µN) ∈ Vh,
I Projected snapshots onto XN.
I Projected new solution onto XN.
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Introduction to the NIRB methods

Reduced basis methods

b

b b

b

b

MXN

V

u(µ1)

u(µ2)
Figure: Solution manifold

M = {u(µ) ∈ V| µ ∈ G} ⊂ V.

I XN Reduced basis space,
I Parameters µ1, . . . , µN ∈ G,
I Snapshots u(µ1), . . . , u(µN) ∈ V,
I Projected snapshots onto XN.

inf
dim(XN)=N

dist(M,XN).

Kolmogorov n-width must be small 5

5 P. Binev, A. Cohen, W. Dahmen, R. DeVore, G. Petrova, P. Wojtaszczyk, Convergence rates for
greedy algorithms in reduced basis methods. 2011.
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Introduction to the NIRB methods

Reduced basis methods

b

b b

b

b

MhXN
h

Vh

uh(µ1)

uh(µ2)
Figure: Solution manifold

Mh = {uh(µ) ∈ Vh| µ ∈ G} ⊂ Vh.

I XN
h Reduced basis space,

I Parameters µ1, . . . , µN ∈ G,
I Snapshots uh(µ1), . . . , uh(µN) ∈ Vh,
I Projected snapshots onto XN

h .
Kolmogorov n-width must be small 5

5 P. Binev, A. Cohen, W. Dahmen, R. DeVore, G. Petrova, P. Wojtaszczyk Convergence rates for
greedy algorithms in reduced basis methods. 2011.
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Introduction to the NIRB methods

Reduced basis methods
Intrusive methods

Non-Intrusive Reduced basis methods (NIRB)
Industrial context → black box solver
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A model problem

Introduction to the two-grid method within the parabolic
context
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A model problem


∂u
∂t −∇ · (A(p)∇u) = f, in Ω×]0,T],

u(x, 0) = u0(x), in Ω,

u = 0, on ∂Ω, t ∈ [0,T],

I µ = (t, p) ∈ G ⊂ R+ × RP : Variable parameter
I u(t, x; p): Unknowns

13 / 27
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A model problem

Offline stage
un

h(pk) = uh(pk, tn) ∈ Vh, for n = 1, . . . ,NT: Snapshots on Th
(HF code).

Online stage
um

H(p) = uH(p, t̃m) ∈ VH, for m = 1, . . . ,MT: Coarse solution on TH,
H >> h.

6R. Chakir, Y. Maday, A two-grid finite-element/reduced basis scheme for the approximation of the
solution of parameter dependent PDE. 2009.

7E. G., Y. Maday, error estimate of the non-intrusive reduced basis method with finite volume
schemes. 2021.

8E. G., Y. Maday, Error estimate of the Non-Intrusive Reduced Basis (NIRB) two-grid method with
parabolic equations. 2022.
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Decomposition

Separation of variables

uh(x, tn; p) =
N∑

j=1
ah

j (p, tn) Φh
j (x), n = 1, . . . ,NT

(Φh
j )j=1,...,N ∈ XN

h : L2-orthonormalized basis functions (modes)

Coefficients ah
j (µ) = ah

j (p, tn)

• Optimal coefficients: (uh(p, tn),Φh
j (x)),

• Our choice: (In(uH(p, t̃m)),Φh
j (x)), m=1,…,MT
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Greedy algorithm

→ L2 orthonormalization
+ Eigenvalue problem: ∀v ∈ XN

h ,
∫
Ω∇Φh · ∇v = λ

∫
ΩΦh · v

→ L2(Ω) and H1(Ω) orthogonalization.

XN
h = Span{Φh

1, . . . ,Φ
h
N}

9B. Haasdonk, Convergence rates of the pod-greedy method, 2013.
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Greedy algorithm

for k = 1, . . . ,N:
p̃k = arg max

p∈G
‖uh(p, tn)− Pk−1(uh(p, tn))‖l∞(1,...,NT; L2(Ω))

b

b b

Mh

Xk−1
h

Vh

uh(µ̃1)

uh(µ̃2)

9B. Haasdonk, Convergence rates of the pod-greedy method, 2013.
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FEM Error estimates within the elliptic context

Energy error estimate with P1 FE (elliptic equations)

‖u(p)− uN
Hh(p)‖H1 ≤

T1︷︸︸︷
ε(N) + C1h︸︷︷︸

T2

+

T3︷ ︸︸ ︷
C2(N)H2 ∼ Ch if H2 ∼ h

where C1,C2 are constants independent of h and H. 5

Aubin-Nitsche’s Lemma (P1 FE).

‖u − uH‖L2 ≤ CH‖u − uH‖H1 .

10R. Chakir, Y. Maday. A two-grid finite-element/reduced basis scheme for the approximation of the
solution of parameter dependent PDE. 2009
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‖u − uH‖L2 ≤ CH‖u − uH‖H1 .

10R. Chakir, Y. Maday. A two-grid finite-element/reduced basis scheme for the approximation of the
solution of parameter dependent PDE. 2009
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FEM Error estimates

Theorem [E G.-Y M.] (H1 error estimate)

∀n, ‖u(tn)(p)− uN,n
Hh (p)‖H1(Ω) ≤

T1︷ ︸︸ ︷
ε(N) + C1(p)h + C2(p)∆tF︸ ︷︷ ︸

T2

+

T3︷ ︸︸ ︷
C(N)(H2 +∆t2

G)

C, C1, C2: Constants independent of h and H.

11V. Thomée, Galerkin finite element methods for parabolic problems, 1984.
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FEM Error estimates

Theorem [E G.-Y M.] (H1 error estimate)
I With L2-orthonormalized modes:

∀n, ‖u(tn)(p)− uN,n
Hh (p)‖H1(Ω) ≤

T1︷ ︸︸ ︷
ε(N)+ C1(p)h + C2(p)∆tF︸ ︷︷ ︸

T2

+

T3︷ ︸︸ ︷
C
√
λN

√
N(H2 +∆t2

G)

I With H1 and L2 orthogonalization

∀n, ‖u(tn)(p)− uN,n
Hh (p)‖H1(Ω) ≤

T1︷ ︸︸ ︷
ε(N)+ C1(p)h + C2(p)∆tF︸ ︷︷ ︸

T2

+

T3︷ ︸︸ ︷
C
√
λN(H2 +∆t2

G)

λN: ∀v ∈ XN
h ,

∫
Ω∇Φh · ∇v = λ

∫
ΩΦh · v,

C, C1, C2: Constants independent of h, H and N.17 / 27
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NIRB – OFFLINE/ONLINE

FINE SNAPSHOTS
{uh(p1, t1), . . . , uh(pNtrain, tn)}

COARSE SNAPSHOTS
{uH(p1, t̃1), . . . , uH(pNtrain, t̃m)}

OFFLINE

ONLINE

HF
SOLVER

COARSE
SOLVER

REDUCED BASIS
(Φh

i )i=1,...,N
RECTIFICATION Rn

COARSE SOLUTION
uH(p, t̃m)

NIRB approximation: uN,n
Hh (p)

Greedy

Projection with rectification:
N∑

i,j=1
Rn

i,j(In(uH(p, t̃m)),Φh
j ) Φh

i
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The rectification post-treatment

Fine coefficients

ah
j (pi, tn) = (uh(pi, tn),Φj)

Coarse coefficients

bH
j (pi, tn) = (In(uH(pi, t̃m),Φj))
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The rectification post-treatment

Post-Treatment: The rectification method 12

bH
j (pi, tn) → ah

j (pi, tn)

∀n = 1, . . . ,NT, j = 1, . . . ,N, i = 1, . . . ,Ntrain:

An
i,j = ah

j (pi, tn),

Bn
i,j = bH

j (pi, tn).

Rn
i = (ATA + εIN)

−1ATBi, ∀i = 1, · · · ,N.

uN
Hh(p, tn) =

N∑
i,j=1

Rn
ij bH

j (p, tn) Φi

12R. Chakir, Y. Maday, P. Parnaudeau. Non-Intrusive RB for Heat transfer. 201819 / 27
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Numerical results

For p ∈ G = [0.5, 9.5],
∂u
∂t − p∆u = f, in Ω×]0,T],

u(x, 0) = u0(x), in Ω,

u = 0, on ∂Ω, t ∈ [0,T],

u(t, x; 1) = 10 t x2
1(1 − x1)

2 x2
2(1 − x2)

2, t ≥ 0, x ∈ [0, 1]2.
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Numerical results

Figure: l∞(1, 2; H1
0(Ω)) with p = 1, ∆t2

G ' H2 ' h ' ∆tF, Ntrain = 18, N = 3
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Numerical results

Figure: l∞(1, 2; H1
0(Ω)) with p = 1, ∆tG ' H ' 2h ' 2∆tF, Ntrain = 18, N = 3
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Online sensitivity analysis

NIRB method on the sensitivity analysis
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Online sensitivity analysis

PIVP :


∂u
∂t (t, x; p) = f(u, t, x, p), in Ω×]0,T],

u(0, x; p) = u0(x, p), in Ω,

+BCs.

Forward method
( ∂u
∂pj

)j=1,...,P
IVP + P systems to solve …

Backward method
(∂F∂pj

)j=1,...,P
IVP + 1 system to solve …
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Forward method


∂tΨ
∂t − p∆Ψ = ∆u, in Ω×]0,T]

Ψ(x, 0) = 0, in Ω,

Ψ = 0, on ∂Ω, t ∈ [0,T].
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Forward method

Figure: l∞(1, 2; H1
0(Ω)) with p = 1, ∆t2

G ' H2 ' h ' ∆tF, Ntrain = 18, N = 3
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The new rectification post-treatment

Fine coefficients

ah
j (pi, tn) = (Ψk(pi, tn), ζk

j )

Coarse coefficients

bH
j (pi, tn) = (In(uH(pi, t̃m),Φj))
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The new rectification post-treatment

PIVP :


∂u
∂t (t, x; p) = f(u, t, x, p), in Ω×]0,T],

u(0, x; p) = u0(x, p), in Ω,

+BCs.

Forward method
( ∂u
∂pj

)j=1,...,P
IVP + 1 systems to solve …

Backward method
(∂F∂pj

)j=1,...,P
IVP + 1 system to solve …
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Brusselator equations

∂tu = a + uv2 − (b + 1)u + α∆u
∂tv = bu − uv2 + α∆v.

I (u(x, t; p), v(x, t; p)): Unknowns
I µ = (t, a, b, α) ∈ R4: Variable parameter

24 / 27
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Numerical results on the state solution (u, v)

For p ∈ G = [2, 4]× [1, 4]× [0.001, 0.05],
T = [0, 5]
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Numerical results on the state solution (u, v)

Figure: l∞(0, 5; H1
0(Ω)) with p = (3, 2, 0.008), ∆t2

G ' H2 ' h ' ∆tF
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Parameter identification results

Figure: Identification of a = 1,b = 5 and α = 2
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Parameter identification results

FEM (fine/HF) 02:43
FEM (coarse) 00:03

Table: FEM runtimes

Adjoint method Direct method Direct method with new rectification
00:06 00:13 00:08

Table: Runtimes of the NIRB online part (min:sec) with h = 0.02,H = 0.1

13Y. Maday, A. T Patera, J. D. Penn, M. Yano, A parameterized‐background data‐weak
approach to variational data assimilation: formulation, analysis, and application to acoustics.2015.
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Conclusions & Perspectives
I Sensitivity analysis & NIRB with parabolic equations

Figure: Meniscus tissue

Perspectives
I Automatic differentiation
I Sensitivity analysis on the meniscus tissue problem
I Two-grid a-posteriori & rectification error estimates
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Conclusions & Perspectives

I Sensitivity analysis & NIRB with parabolic equations

Merci !

Perspectives
I Automatic differentiation
I Sensitivity analysis on the meniscus tissue problem
I Two-grid a-posteriori & rectification error estimates
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Optimization algorithms
err(p) = (err(0; p), . . . , err(T; p)) ∈ RT/∆t×N

err(t; p) ∈ RN

Gauss-Newton
ps+1 = ps − (JTJ)−1JTerr(ps),
Ji,j =

∂erri

∂pj
(ps), i = 0, . . . ,T/∆t ×N , j = 1, . . . ,P.

Gradient descent
ps+1 = ps − α · ∇F(ps),
∂F
∂pj

(ps) = 2
T/∆t∑
k=1

∫
Ω err(tk, x; ps)

∂uk
h

∂pj
(x; ps) dx.

Sensitivities



NIRB &
Sensitivity

analysis

Elise
Grosjean

Meniscus
Tissue
regeneration

Parameter
identifica-
tion

Sensitivity
analysis

NIRB
method
NIRB method
with parabolic
equations

NIRB method
on sensitivity
analysis

Optimization algorithms

err(p) = (err(0; p), . . . , err(T; p)) ∈ RT/∆t×N

Gauss-Newton
ps+1 = ps − (JTJ)−1JTerr(ps),
Ji,j =

∂erri

∂pj
(ps), i = 0, . . . ,T/∆t ×N , j = 1, . . . ,P.

Gradient descent
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∂F
∂pj

(ps) = 2
T/∆t∑
k=1

∫
Ω err(tk, x; ps)

∂uk
h

∂pj
(x; ps) dx.

Sensitivities



NIRB &
Sensitivity

analysis

Elise
Grosjean

Meniscus
Tissue
regeneration

Parameter
identifica-
tion

Sensitivity
analysis

NIRB
method
NIRB method
with parabolic
equations

NIRB method
on sensitivity
analysis

Optimization algorithms
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Optimization algorithms
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Optimization algorithms
err(p) = (err(0; p), . . . , err(T; p)) ∈ RT/∆t×N

Gauss-Newton
ps+1 = ps − (JTJ)−1JTerr(ps),
Ji,j = ∂erri

∂pj
(ps), i = 0, . . . ,T/∆t ×N , j = 1, . . . ,P.

Gradient descent
ps+1 = ps − α · ∇F(ps),
∂F
∂pj

(ps) = 2
T/∆t∑
k=1

∫
Ω err(tk, x; ps)

∂uk
h

∂pj
(x; ps) dx.

Sensitivities: ∂uk
h

∂pj
(x; ps) or ∂F

∂pj
(ps)
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