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Introduction .

The two-grids method is non intrusive \

NIRB

NIRB method
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Industrial context — black box solver (BB)

Non intrusive reduced basis method useful for:
Optimization parameters fitting
High fidelity real-time simulations

Several methods:
Finite Element method
Extension to Finite Volume method




Two examples of applications

m Offshore wind Farm
A way to reduce computational costs of an offshore
wind farm to optimize the position of the wind
turbines.

NIRB method

m Spatial Variability
What if we could consider a non physically
acceptable truncated domain?



A model problem

NIRB

NIRB method —le(A(,LL)VU) =fin Q, (1a)
U =0 on 09, (1b)

m u(x; 1): Unknowns (up on the fine mesh 7y, uy on the coarse
mesh Tg).

m ;. € S: Variable parameter,

fe L2(Q),

A: S x Q— My(R) is measurable, bounded, uniformly elliptic,

and A(x) is symmetric for a.e. x € Q.



NIRB scheme OFFLINE/ONLINE

OFFLINE
Snapshots:

{un(m1), - - -, un(pn)}
computed on a fine mesh My,

A Parameters
{IU/1~,"'7/~1/N}
must be
well chosen!

NIRB method

[Basis: (¢,’-7),‘:1,‘.‘,N]

ONLINE

Coarse solution: uy(p) computed on My

Projection:

ﬁ(uH(u), oo

[NIRB approximation: uf,() ]




How to choose the parameters

NIRB m Greedy algorithm
2l m Observing the decay of eigenvalues with an SVD
Kolmogorov n-width must be small ' My, = {un(u) € V| 1 € P} is a subset of a Banach
space V.
The Kolmogorov n-width of My, in Vj, is

NIRB method

dn(Mp, Vi) = inf{ sup (inf |[x — y||\,); Yn is a n-dimensional subspace of Vp}. (2)
Yo “xeMp YEYn h

Vh

N — M
e
RN

'A. Buffa, Y. Maday, A.T. Patera, C. Prudhomme, and G. Turinici, A Priori convergence of
the greedy algorithm for the parameterized reduced basis.2010




NIRB Offline stage

| Compute the approximations {un(ui)}i=1...n-

B We consider:

m A greedy algorithm with a Gram-Schmidt procedure
— L2 orthonormalization.

m Complemented by the following problem:
Find ¢" € XN, and X € R such that

VVGXA\’,/V¢“~VV:>\/¢”-V, (3)
Q Q

— L2(Q) and H'(Q) orthogonalization.
XN = Vect{®h, ... &F}



A
NIRB Online stage ~

NIRB

Online

JIL
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B Solve problem on the coarse mesh 7y where H >> h with ..

N
A o = [, "(un(p)) - ¢ and output: upy, = 210{%,*'
=

B (Optional) Post-Treatment (PT)

N Ty ,_L
u(x; )= 2 (un( ), o) of|| <7e +Cih+ CoH ~
- ~—
H1 T,
if H?2 ~ h
where Cy, C, are constants independent of h and H.?

2Rachida Chakir, Yvon Maday. A two-grid finite-element/reduced basis scheme for the
approximation of the solution of parameter dependent PDE. 2009



Results with FE solver

1071

Results with FE solver
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Hlerrors
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---- sqrt(h)

—— NIRB

— FEMH e

— FEMh — T _
NIRB+PT

1i0 130 150 170 190

n (subdivision for the mesh)




Polytopal mesh for FV

XD,O = {V = ((VK)KEMv (V(T)JE]:) :
vk e R, v, € R,

Goal: Vo, =0if 0 € Fex}.
Extend FE
Finite volume solver eSti m ate g
to FV solver

Figure: A cell K of a polytopal mesh 3

)
Jlll 3J. Droniou, R. Eymard, T. Gallouét, C. Guichard, R. Herbin. The gradient discretisation
method. 2018
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Gradient Discret scheme

NIRE
{— div(A(p)Vu) = f in Q,

u =0 on 092.
———
Variational Gradient Scheme 4
Find up € Xp o such that, Vvp € Xp o,

/A(M)VDUD ° VDVD = / f HDVD.
Q Q

S
lel 4J. Droniou, R. Eymard, T. Gallouét, C. Guichard, R. Herbin. The gradient discretisation
method. 2018
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Error estimate on FV scheme

B Mo Xpo — L2(Q):
Elise Grosjean

Mpv(X) = vk on K.

B Vp: XD70 — Lz(Q)d:
Vpv(x) = Vkv + S on Dk, where S ensures stability and
VgV = ‘17| > ver |o1VoNK o

A normon Xpo: [|llp =[|VD- [l 2(qy2-

H' error estimate
Main result: Hu(u) ~ u,@’h(u)HD < Ch,if H2 ~ h.



Results with FV solver

Results with FV solver 10

Fine solution error

h
e H1 relative error
h~2

il
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2
5.0x10
size h of the mesh

NIRB solution error

Hlerror . °

10°

5.0x10"

10

h
H1 relative error

e W2

2
5.0x10
size h of the mesh




NIRB application: 2D Wind turbine

e D F 2D mesh with 6500 cells, thinner
around the wind turbine.
m Characteristic length D: 126m,
corresponds to the rotor diameter.
m Hub height: 95.6m.
m Wind turbine rotor is represented in the

movement equation by adding a source
term.

EDF applications

m Boundary Condition: u,s at the inlet.

Figure 1: Mesh for one wind turbine

)
m Initial Condition: u,ef set in the domain.
Urer: Variable parameter
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Results for the application

POD eigenvalues

—— eigenvalues

EDF applications 10

100 100
k

Figure 2: Decrease of the eigenvalues of
the POD

il
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H1 RELATIVE ERRORS

-+ NIRB
Proj. on XhN

-+ NIRB+PT

- NIRB

o~ FVM with H

e~ FVM with h

1072

1 N(number of functions in the basis) 10

Figure 3: H' errors of the velocity on the
region of interest



Wind turbines in 3D

NIRB

Elise Grosjean

EDF applications e
- 816

K
Velocily Magnitude.

6

Koo

One wind turbine mesh (A" ~ 500 000)
Wind canal
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Results for 3D application

GREEDY H1 relative error with uy
—— uh proj error (H1 & L2 orthog)

EDF applications

10

01234567 80 1011121314151617 181920 21 22 23 24 25
W

Projection H' error
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006

005

001

GREEDY H1 relative error with uy
—— NIRB error (H1 & L2 orthog)
ub-uH

T334 5 67 6 91011121314 1516 17 18 1 20 21 22 23 24 25
]

NIRB H' error



Wind turbine n°3 approximation

We may approximate the third wind turbine with the second one!

GREEDY H1 relative error with uy

—— NIRB error (H1 & L2 orthog)
uh-uH

e
o
=)

e
=)
o

EDF applications

[lun = PMul e/l unlli
o 4 4 e
> = o o
— [ w L

=)

0 1 2 3 45 6 7 8 9 10111213 14 15 16 17 18 19 20 21 22 23 24 25
N
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NIRB H' error



Application on a truncated domain

D

Greedy on coarse mesh (®);_¢ ... x, Greedy on fine mesh (®)i_1,... n,
(Ak = (Un(pk), ®f)i2, Wk = 1,-- -, Ntrain, (6)
(Bi)k = (Uh(”k)aq)lh)L2aVK = 1a ,Ntfain, (7)
D= (A1a . 7AN) c RNz‘rain><N17 (8)
Ri=(D"D+ Xy 'D™B;, Vi=1,--- | N». (9)
Ny N
Upn(i) = > > Rij(up(p), o). (10)

i=1 j=1



Result

NIRB

Elise Grosjean

size of coarse mesh = 0.14 size of fine mesh = 0.03

H1 NIRB error for Reynolds = 200: 1.0549e-05

—
B L e Y = o —
=, ——
e = e
oy

Nirb approximation
FE solution on the coarse mesh



Conclusion and Perspectives

NIRB B Generalization of NIRB method to FV solvers with classical
L error estimate.
B Numerical results with FV solver on wind turbines in
accordance with expectations in 2D and 3D.
A Efficient NIRB method on a truncated domain.

Perspectives

Conclusions and

e i m Extend 3D wind turbines to offshore wind farm,

m Use a truncated domain on wind turbines,

B m Generalize to other FV schemes,

., l m Development of a library of non intrusive reduced basis
_Il methods in process.
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Post-Treatment

The rectification method
(uly, @) — (uj,, 95)

(A)k = (un(pk); @f) 2, Yk = 1,-- - Ntrain (11)
(B = (Un(ux), ®f)i2, Yk =1, -, Ntrain (12)
Conclusions and D = (A1, ce 7AN) RNl‘falan (1 3)
- TI = (DTD+ )\IN)_‘I DTBI', VI = 1 .. ,N‘ (14)

Jlll uHh ZTU (un(p), d)h d>h (15)
ij=1
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