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What is an optimization problem?
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What is an optimization problem?

Notation.
Let B(x, ) denote the closed ball of center X and radius ¢.

Definition.

A feasible point X is a local solution to (P) if and only if there
exists € > 0 such that X is a global solution to the following
localized problem:

XIQRE" f(x), xe KnB(x,e).
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What is an optimization problem?

Constraints.
Most of the time, the feasible set K is described by

h,'(X):O7 Vieé&
gi(x) <0, VjeI [’

K:{XER”

where h: R" — R™ | g: R" — R™.
We call the expressions

m hi(x) = 0: equality constraint

m gj(x) < 0: inequality constraint.
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Optimality conditions for constrained problems
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Existence of a solution

Theorem 1 (existence of extreme value (Weierstrass))

Assume the following:
m 7
m 7

Then the optimization problem (P) has (at least) one solution.
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Existence of a solution

Theorem 2 (existence of extreme value (Weierstrass))

Assume the following:
m K is non-empty and compact (i.e. closed and bounded)
m f is continuous on K.

Then the optimization problem (P) has (at least) one solution.

Remarks. If K = {x € R"| hi(x) =0, Vi € £,gj(x) <0,Vj € I},
where h;, g; are continuous, then K is closed. In practical exercises,
it is not necessary to justify the continuity of h; or g;.
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Optimality conditions

Let us fix a continuously differentiable function f: R" — R for the
whole section. Let us consider

inf f(x) (P)

xeR"

The function f is said to be stationary at x € R" if Vf(x) = 0.

Theorem 3 (Necessary optimality condition)

Let x € R" be a local solution of (P). Then, f is stationary at x.

Remark. Stationarity is only a necessary condition!
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And to sum up the courses ...

Necessary conditions

Sufficient conditions

(exist.)

Abstract formulation

if K compact, f € C°(K)
then at least one solution

if K closed,
f € C°(K), coercive
then at least one solution

Necessary conditions

Sufficient conditions

No constraints
K =R? (opt.)

if X local sol.,
f € C*(K) then,
D?*f(X) is positive semi-def.

if f € C}(K), Vf(X) =0,
D?*f(X) positive def.
then X local sol.

Affine
constraints

Non-linear
constraints

then KKT=global sol.
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Optimality conditions

Theorem 4

Assume that f is twice continuously differentiable. Let x be a
stationary point.

m Necessary condition.
If X is a local solution of (P), then D*f(X) is positive
semi-definite, that is to say,

(h, D?*f(X)h) >0, forall h € R".

m Sufficient condition.
If D?f(X) is positive definite, that is to say if

(h, D*f(x)h) >0, for all h € R"\{0} ,

then X is a strict local solution of (P).
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[llustration

fix) + F(x)(y — x) with f(x) = x>
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Reminders

m Gradient methods

Optimality conditions for constrained problems
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Gradient methods

Our goal: solving numerically the problem

inf £(x). (P)

General idea: to compute a sequence (xx)ken such that
f(XkJrl) < f(Xk), Vk € N,
the inequality being strict if Vf(xx) # 0. — Iterative method.
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Gradient methods

Our goal: solving numerically the problem

inf £(x). (P)

General idea: to compute a sequence (xx)ken such that
f(XkJrl) < f(Xk), Vk € N,

the inequality being strict if Vf(xx) # 0. — Iterative method.
How to compute xxy17
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Gradient methods

Main idea of gradient methods.

Let x, € R". Let d, be a descent direction at x,. Let « > 0. Then

f(Xk -+ Oédk) = f(Xk) + « <Vf(Xk), dk> +0(a).
—_———
<0
Therefore, if « is small enough,
f(Xk + adk) < f(Xk).

We can set
Xk+1 = Xk + audy.
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Gradient methods

Gradient descent algorithm.
Input: xg € R"”, ¢ > 0.
Set k =0.
While ||Vf(xk)|| > €, do
(a) Find a descent direction d.
(b) Find ax > 0 such that f(xx + akdk) < f(xk).

(C) Set xx11 = Xk + aidk.
(d) Set k =k +1.

Output: xy.
Remark. Step (b) is crucial; it is called line search.

The real number «y is called the step size.
Exercise: Code the gradient descent algorithm.
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Line-search methods

We consider iterations of the form
Xk+1 = Xk + apdi,

where d, € R" is a search direction and oy > 0 is a step size.

A vector dy is called a descent direction for f at xi if
(VF(xk),dx) <0.
For instance, if Vf(xx) # 0, the gradient direction
dx = =V (xk)
is a descent direction since

(VF(xc), de) = =V F(xc)lI* < 0.



Reminders
00000@000000

Line-search methods

On the choice of «.

Let x, € R” and let di be a descent direction. Define
Ok a € R f(xx + ady).
Then
fxk +akde) < f(xx) <= or(ak) < ox(0).
A natural choice would be an exact line search:
ay € argmin dx(c).

and the quality of the step size.
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Line-search methods

Observation. Recall that

qﬁk(a) = f(Xk + Oédk).

Then
qbﬂ((a) = <Vf(Xk + Otdk), dk> .

In particular, since di is a descent direction,

¢ (0) = (VF(x«), de) < 0.

Definition 5

Let c; € (0,1). A step size a > 0 satisfies the Armijo condition if

Pr(@) < ok (0) + cragi(0).
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Line-search methods




Reminders
0000000 0e000

Line-search methods

Backtracking line search for the Armijo condition.

Choose ¢; € (0,1), an initial step ap > 0, and a reduction
factor p € (0,1).

Set o = ap.
While
dr(a) > ¢i(0) + crag (0),
set
Qa 4 pa.
Set ay = a.
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Line-search methods

Definition 6

Let 0 < c1 < ¢ < 1. A step size o > 0 satisfies the Wolfe
conditions if

Pr(@) < ok (0) + cragi(0),
Pi(a) > ¢ (0).

hado
hado

.
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Line-search methods

A Wolfe br ()
................ Lt : B
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Line-search methods

General comments.

m If di is a descent direction and f is sufficiently smooth, an
Armijo/Wolfe line search terminates after finitely many
reductions.

m Without convexity, convergence to a global minimizer cannot
in general be guaranteed. Under suitable assumptions, one
typically obtains

IV f(xx)|| — O.

m Gradient methods may exhibit slow convergence, in particular
for ill-conditioned problems.
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Reminders

m Newton's method

Optimality conditions for constrained problems
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Newton's method

Main idea.

Newton's method was originally introduced to solve nonlinear

systems
F(x) =0,

where F : R" — R" is continuously differentiable.
Given xi, we use the linear approximation

F(xx + dx) = F(xx) + DF (xx)dx.
The Newton step dy is defined as a solution of
DF (xx)di = —F(xx).
If DF(xk) is invertible, this gives
die = —DF (x) " F (%),

and the Newton iteration is

’Xk—f—l = Xk + dk-‘
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Newton's method

Remarks.

m Suppose that F(X) = 0 and that DF(X) is invertible. Under
the usual regularity assumptions, if xg is sufficiently close to X,

Newton's iterates are well defined and converge quadratically
to X.

m If xg is far from X, convergence is not guaranteed.
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Newton's method

Remarks.

m Suppose that F(X) = 0 and that DF(X) is invertible. Under
the usual regularity assumptions, if xg is sufficiently close to X,
Newton's iterates are well defined and converge quadratically
to X.

m If xg is far from X, convergence is not guaranteed.

Back to problem (P). Assume that f is continuously twice
differentiable. Apply Newton's method with F(x) = Vf(x) so as
to solve Vf(x) = 0. Update formula:

Xpt1 = Xk — D2f(xk)_1Vf(xk).

The difficulties mentioned above are still relevant.
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Newton's method

We use the same general iteration as before:
Xk+1 = Xk + ouedk.
For the pure Newton method,
ap =1,
and the Newton direction dj solves
D?f(xk)dx = —Vf(xx).
If Df(xx) is positive definite and V£(xx) # 0, then the Newton

direction is a descent direction.
Indeed,
(VF(xk), di) = — (VF(xx), D*F(x) "IV F(x0))
< 0.
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Newton's method

Choose xp € R", € > 0, and a line-search strategy.
Set k = 0.
While

IVl > e,

(a) Compute a candidate Newton direction di by solving
D?f(x)dx = —VF(xx).

(b) If dk is well defined and satisfies (V£ (xx), d}Y) < 0, continue.
Otherwise, use for instance the gradient direction

dk = 7Vf(Xk).
(c) Choose a, > 0 by a line search (Armijo, Wolfe), with a =1
first.
(d) Set

Xk41 = Xk + audy.
(e) Set k < k+ 1.
Output xy.
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Newton's method

Comments.
m Globalization strategies such as line search or trust-region
methods improve the behavior of Newton's method far from a
solution.

m Under suitable assumptions, a globalized Newton method
generates iterates whose accumulation points are stationary.

m Near a nondegenerate local minimizer X, local convergence
can be recovered.

m Computing and storing D?f(x) can be expensive. A dense
Hessian requires O(n?) storage, and solving a dense Newton
system typically requires O(n%) operations.
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Quasi-Newton methods

Main idea.

Quasi-Newton methods avoid computing the exact Hessian.
One may construct matrices Hy approximating the inverse Hessian:

Hy ~ D*f(x) L.
The search direction is then
dx = —H VI (xk).
If Hy is positive definite and V(xx) # 0, then
(VF(xi), di) = =(VF(x), HikV(x)) <0,

so dj is a descent direction.

Limited-memory variants such as L-BFGS can be implemented
using O(n) storage when the memory parameter is fixed.
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Reminders

Optimality conditions for constrained problems
m Linear constraints
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Constrained optimization problem

m We investigate in this section the problem

n { hi(x) =0, Vie&

inf £(x),
inf, 7(x) gi(x) <0, VjeTl

x€eR"

m Let x € R” be feasible. Let j € Z. We say that
m the inequality constraint j is active if gj(x) =0
m the inequality constraint j is inactive if gj(x) < 0.

m Remark. All results of the section are true if € =0 or Z = (.
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Constrained optimization problem

Let us focus on g:

Xienﬂgn f(x), st g(x)<o. (P)

How to solve this as an unconstrained problem?

We could instead of solving this problem (P) solve with A >0

L(x, A) = F(x) + (A g(x))
= f(x) + Ag(x).
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Linear constraints

mlet f: R" - R and let h: R” — R™ and g: R" — R™ be
c2.

m Let the Lagrangian L: R” x R™ x R™ — R be defined by
L(x, 11, A) = £(x) + (p, h(x)) + (X, g(x))

= F(x) + > mihi(x) + Y Aigi(x):
i—1 =1

The variables i, A are referred to as dual variables.
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KKT conditions

Let X be feasible for (P).

The Karush-Kuhn-Tucker (KKT) conditions at X are the
existence of
(1,) € R™ x R™

such that:
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KKT conditions

Let X be feasible for (P).

The Karush-Kuhn-Tucker (KKT) conditions at X are the
existence of

(1,) € R™ x R™
such that:

Stationarity:
VixL(x,p,A) =0.
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KKT conditions

Let X be feasible for (P).

The Karush-Kuhn-Tucker (KKT) conditions at X are the

existence of
(1)) € R™ x R™

such that:

Stationarity:
VixL(x,p,A) =0.

Dual feasibility:
Aj >0, Vjel.
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KKT conditions

Let X be feasible for (P).

The Karush-Kuhn-Tucker (KKT) conditions at X are the

existence of
(1, A) € R™ x R™

such that:

Stationarity:
VixL(x,p,A) =0.

Dual feasibility:
Aj >0, vj el
Complementarity:
Aigi(x) =0, Vjel.
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KKT conditions

Let X be feasible for (P).

The Karush-Kuhn-Tucker (KKT) conditions at X are the

existence of
(1, A) € R™ x R™

such that:

Stationarity:
VixL(x,p,A) =0.

Dual feasibility:
Aj >0, vj el
Complementarity:
Aigi(x) =0, Vjel.
Primal feasibility:
hi(x) =0, Vi, gi(x) <0, V.
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KKT conditions for affine constraints

Assume that the constraint functions h and g are affine.

If x is a local solution to (P), then there exist

(1, ) € R™ x R™

such that x satisfies the KKT conditions.
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KKT conditions for affine constraints

Assume that the constraint functions h and g are affine.

If x is a local solution to (P), then there exist

(1, ) € R™ x R™

such that x satisfies the KKT conditions.

Thus, for affine constraints,

X local solution == X satisfies KKT.
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KKT conditions for affine constraints

Assume that the constraint functions h and g are affine.

If x is a local solution to (P), then there exist

(1, ) € R™ x R™

such that x satisfies the KKT conditions.

Thus, for affine constraints,

X local solution == X satisfies KKT.

In general, the converse is false!
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Exercise

Consider the problem

inf :_2
T Flx) = =

subject to the affine constraint

g(x)=x—-1<0.

Write the Lagrangian and the KKT conditions.
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Exercise

Consider the problem

inf :_2
T Flx) = =

subject to the affine constraint

g(x)=x—-1<0.

Write the Lagrangian and the KKT conditions.
Find all pairs (x, A) satisfying the KKT conditions.
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Exercise

Consider the problem

inf :_2
T Flx) = =

subject to the affine constraint

g(x)=x—-1<0.

Write the Lagrangian and the KKT conditions.
Find all pairs (x, A) satisfying the KKT conditions.

For each KKT point x, determine whether it is a local
solution of the constrained optimization problem.
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Exercise

Consider the problem
inf _ 2
YR (x) x

subject to the affine constraint

g(x)=x—-1<0.

Write the Lagrangian and the KKT conditions.

Find all pairs (x, A) satisfying the KKT conditions.

For each KKT point x, determine whether it is a local
solution of the constrained optimization problem.

Does the problem admit a global solution?
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Exercise

We study the feasible point X = 0.

The Lagrangian is
L(x,\) = —x* 4+ A(x — 1).
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Exercise

We study the feasible point X = 0.

The Lagrangian is
L(x,\) = —x* 4+ A(x — 1).
The KKT conditions at X = 0 are:

m Primal feasibility:
g(0)=-1<0.
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Exercise

We study the feasible point X = 0.

The Lagrangian is
L(x,\) = —x* 4+ A(x — 1).
The KKT conditions at X = 0 are:

m Primal feasibility:
g(0)=-1<0.

m Stationarity:
VxL(0,A\)==2-0+A=A=0.

Hence
A=0.
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Exercise

We study the feasible point X = 0.

The Lagrangian is
L(x,\) = —x* 4+ A(x — 1).
The KKT conditions at X = 0 are:

m Primal feasibility:
g(0)=-1<0.

m Stationarity:
VxL(0,A\)==2-0+A=A=0.

Hence

m Dual feasibility:
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Exercise

We study the feasible point X = 0.

The Lagrangian is
L(x,\) = —x* 4+ A(x — 1).

The KKT conditions at X = 0 are:

m Primal feasibility:
g(0)=-1<0.

m Stationarity:
VxL(0,A\)==2-0+A=A=0.

Hence
m Dual feasibility:

m Complementarity:
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Exercise

We study the feasible point X = 0.

The Lagrangian is
L(x,\) = —x* 4+ A(x — 1).

The KKT conditions at X = 0 are:

m Primal feasibility:
g(0)=-1<0.

m Stationarity:
VxL(0,A\)==2-0+A=A=0.

Hence
m Dual feasibility:

m Complementarity:



Optimality conditions
0000000 0e0000000000000000

Exercise — Correction

For every x # 0 sufficiently close to 0, we still have
x <1,
so x is feasible.

f(x) = —x*> < 0 = £(0).

Hence
X = 0 is not a local minimizer,

but a local maximizer on the feasible set.
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Linear constraints

Example 1. Case of one equality constraint:
m=1  &={1}, Z=0.

Let h(x) = Ax — b. The matrix A is a row vector, and
qg=A" = Vh(x).

Proof of KKT conditions.

m We have:
VxL(x,p) = VF(x) 4+ puVh(x) = VF(x)+ pg =0.

m Let 4 € R be such that Vf(X) = —puq.
m Geometrically, Vf(X) and g are collinear.
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KKT stationarity
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Linear constraints

qg=Vh
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Linear constraints

g = Vg Example 2(a). Case of one active inequality
constraint:

A
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Linear constraints

g = Vg Example 2(b). Case of one inactive inequality
constraint:
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KKT conditions for affine constraints

Remarks.

m A pair (u, A) satisfying the KKT conditions is called a vector
of Lagrange multipliers associated with x.

m Further assumptions are required to have uniqueness of (u, \).

m If Z = (), then the sign condition and the complementarity
conditions are trivially satisfied.

m The theorem also applies when the number of constraints
exceeds the number of variables.
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A, = Penalization !!
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Lagrange multiplier as a marginal value

Consider
V(b) = min f(x) s.t. a(x) < b,
with Lagrangian
L(x, \; b) = f(x) + A(a(x) — b), A>0.

Assume that the constraint is active and that the solution x*(b) varies
smoothly with b. The KKT conditions give

V/(b) = —A.
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Lagrange multiplier as a marginal value

Proof.
VF(x*)+ AVa(x*) =0, a(x*) = b.
Since V(b) = f(x*(b)),
V/(b) = VF(x*)" x*'(b).
Using the stationarity condition,

V'(b) = —A Va(x*) "x*'(b)
=1

| Thus, V'(b) = -\ |

Hence, for a small increase b,

V(b + 8b) ~ V(b) — \6b.
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Energy example: the marginal value of capacity

A demand d must be supplied. Local energy costs 10 €/MWh and is
limited by p < b. The remaining energy is bought from the grid at 30

€/MWh:
V(b) = Oggd[10p +30(d — p)].
p<b
Therefore,
p* = min(d, b)
and

Vib) = 30d — 20b, b<d,
10d, b>d.
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Energy example: the marginal value of capacity

A demand d must be supplied. Local energy costs 10 €/MWh and is
limited by p < b. The remaining energy is bought from the grid at 30

€/MWh:
V(b) = Oggd[10p +30(d — p)].
p<b
Therefore,
p* = min(d, b)
and
d—20b, b<d
V(b) = 30 0b, <d,
10d, b>d.
Capacity active: b < d Capacity inactive: b > d
p* = b, A =20. pt=d<b, A=0.
As long as b+ db < d, All the demand is already supplied

by local energy.
V(b+ db) — V(b) = —200b.
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Lagrangian formulation

Main idea of the Lagrangian formulation:
Consider the primal problem (P): inﬂg f(x)st: g(x)<0
x€ER"
(with g : R” — R™).
Let p* be the optimal cost of (P), and L the associated Lagrangian

formulation. Then p* = inf sup L(x,\). Indeed,
XE )\GR"’

sup L(x,A) = sup (f(x)+ Z Aigj(x)
AERT AERT —

) f(x) ifgi(x)<0,Vj=1,...,m
B oo otherwise (if x not feasible and gj(x) > 0),
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Lagrangian formulation

Main idea of the Lagrangian formulation:
And we always have L(x,\) < f(x) for an admissible point x. So

L(x*,\) <inf supL(x, \)
X

and
d* =supinf L(x,A) <inf supL(x,\) = p*
A X X A

We have strong duality if

d*:p*
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Linear constraints

Exercise.

Consider the problem

gl(va) o= _2X__y Sov

inf _f(x,y):=y, st oxy)= x—-y <0,
(x,y)€ER?

g(x,y)= y-3 <0

m Draw the feasible set and find (geometrically) the solution.
m Verify that the KKT conditions are satisfied.
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Linear constraints

Solution.
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Linear constraints

m Solution to the problem: (X, y) = (0,0).

m Let A € R3 be the associated Lagrange multiplier.
Necessarily A3 = 0, since g3(X,y) < 0, by complementarity.

m Lagrangian:

L(X)yv)‘) :y_A1(2X+}/)_)\2(_X+y)

m The stationarity condition yields:

oL

g :—2

0= 5-(0.0) = =2\ + %o
L

0=2L0,0)=1-n -

dy
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Linear constraints

m This linear system has a unique solution
AM=1/3>0 X =2/3>0.

The sign condition is satisfied.
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Reminders

Optimality conditions for constrained problems

m Non-linear constraints
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Non-linear constraints

Definition 8

Let X be a feasible point. Let the set of active inequality
constraints Zy(x) be defined by

To(%) = {j € T| g(%) = 0}.

We say that the Linear Independence Constraint Qualification
(LICQ) holds at X if the following set of vectors is linearly
independent:

{Vhi(®)}ice YU{VE®)} i)
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Non-linear constraints

Alcay 4
Afhan Laguinge

Lacarry

Haux
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Non-linear constraints

Theorem 9

Let X be a local solution to (P). Assume that the LICQ holds at
X. Then there exists a unique (i, \) such that the KKT
conditions are satisfied.

Remarks.

m When LICQ fails, numerical methods may have difficulty
identifying stable multipliers.
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Non-linear constraints

Example 4.

Consider the problem

inf x, subject to: x% < 0.
x€R

The unique feasible point is X = 0, hence it is the solution.

Lagrangian:
L(x,\) = x + A\x%

At zero:
VxL(0,A\) =1+2Ax =1#0.

The LICQ is not satisfied, since Vg1(0) = 0.
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Non-linear constraints

Theorem 10
Assume that

m f is convex
m for all i € £, the map x — hi(x) is affine
m for all j € Z, the map x — gj(x) is convex.

Then any feasible point x satisfying the KKT conditions is a
global solution to the problem.

Remark. The result holds whether the LICQ holds or not at X.
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Exercise

Exercise. Consider the function f: (x,y) € R?  exp(x + y?) + y + x°.
Prove that f is coercive. Indication: Use exp(z) > 1+ z
Compute Vf(x,y) and V2f(x,y).

We recall that a symmetric matrix of size 2 of the form (Z lg) is

positive semidefinite if and only if a4 ¢ > 0 and ac — b?> > 0. Using
this fact, prove that f is convex.

We consider the following problem:

—x—y<0

—x —2<0. (P)

inf__f(x,y), bject to:
(X)|yr)1€]Rz (x,y), subject to {

Verify that (0, 0) is feasible and satisfies the KKT conditions.

Is the point (0,0) a global solution to problem (P)?
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Exercise

Solution.

1. We use the inequality: exp(z) > 1 + z, which yields:
fx,y) = x+y*+y+x°

1 1 1
= §(x2+y2)+§(x2+2x+1)+§(y2+2y+1)—1

1 1 1
= )P+ S (x+ 12+ Sy +1)2 -1 — oo
2 2 2 106 | =00
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2.

It holds:

of of
% exp(x + y?) + 2x, 3y 2y exp(x +y?) + 1.

exp(x + y?) + 2x
Therefore, Vf(x,y) = <2yz>(<p(x-)ﬁ/-})/2) + 1).

We also have

O*f 0*f O%f
2 = exp(x +y?) +2,

=2y exp(x + y°),

Ox2 Oxdy - Ay dx
0%f 2 2 2
a7 2exp(x + y°) + 4y exp(x + y°).

exp(x + y?) +2 2y exp(x + y?) )

2 _
Thus, D*f(x, y) = ( 2yexp(x+y?)  (2+4y?)exp(x + y?)
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3. Proof that D?f is positive semidefinite. It holds:
atc=0B+4y)exp(x+y*)+2>0
and
ac — b? = 2exp(2x + 2y?) + 4(1 + 2y?) exp(x + y?) > 0.

It follows that D?f(x, y) is positive semidefinite, for all (x, y).
Therefore f is a convex function.
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4. Feasibility of (0,0): we have 0+0>0and 0+2 > 0.
KKT conditions. Lagrangian:

L(x,y, 1, X2) = exp(x—l—y2) +y+x%— A(x+y)—Aa(x+2).

Therefore,
oL oL
— (0,0, A1, A2)=1—X1 — A —(0,0) =1 — \q.
8X( s Uy ALy 2) 1 25 ay( ) ) 1

Taking A1 =1 and A» = 0, we have:
Stationarity: 92(0,0,1,0) = $£(0,0,1,0) = 0.
Sign condition: A; >0, A\, > 0.
Complementarity: the second constraint is inactive and the
corresponding Lagrange multiplier is null.
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5. We have the following:
m The cost function is convex.

m The functions —(x + y) and —(x + 2) are convex.
m The point (0,0) is feasible and satisfies the KKT conditions.
Therefore (0,0) is a global solution.
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Necessary conditions

Sufficient conditions

Abstract formulation
(exist.)

if K

is non-empty and compact, f € CP(K)
then at least one solution

if K closed,
f € CO(K), coercive
then at least one solution

Necessary conditions

Sufficient conditions

No constraints

if X local sol.,

if f € C2(RY), Vf(x) =0,

constraints

K =R (opt.) f € C2(RY) then, D?f(x) positive def.
D?f(X) is positive semi-def. then X local sol.
Affine f convex,
constraints X local sol. then KKT then KKT=global sol.
Non-linear f convex,

X local sol., LICQ then KKT

h affine, g convex,
then KKT=global sol.
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