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Reduced Basis Methods (RBM)

PDE : p — u(p)
pn € G . Parameter
() : Solution uy(11; %) = S ui(0)wi(x),

~V - (a(p)Vu) = f(p) inQ,
u=20 on 0f).



Reduced Basis Methods (RBM)

PDE : p — u(p)
pn € G : Parameter

un(pai x) = S5y i) wi(x). onlesn) .
Solution manifold
Solution manifold: M = {u(p)| p € G} AT

HF solution manifold: My = {up(p)| p € G}

Solution manifold

How can we reduce the manifold complexity?



Reduced Basis Methods (RBM)

PDE : p — u(p)

p € G . Parameter

up(p; x) = Z{\:l ui(p)wi(x),
Solution manifold

Solution manifold: M = {u(u)| p € G}
HF solution manifold: My = {up(p)| p € G}

How can we reduce the manifold complexity?

RedUCEd space Fig. 1: Snapshots of the solution to the unsteady viscous Burger equation with uo = A
A=13,v=4,e=004



Reduced Basis Methods (RBM)

PDE : p — u(p)
pn € G : Parameter

up(p; x) = o0, ui(p)wi(x), YN M

Solution manifold .f\ P :
Solution manifold: M = {u(u)| p € G} / R T 7
HF solution manifold: My, = {us(p)| p € G} ()

Solution manifold

How can we reduce the manifold complexity?

Reduced space
VN Reduced space



Reduced Basis Methods (RBM)

PDE : pp — u(p)

pn € G : Parameter

up(p; X) = Yory () wi(x),
Solution manifold

Solution manifold: M = {u(p)| p € G}
HF solution manifold: My, = {us(p)| p € G} o=

Elliptic diffusion: —(a(u)u’)' = sin(2nx), u(0) = u(0.5) =0

— ). =05,2=06

How can we reduce the manifold complexity? =15, 2=18

— Ultma). Hmg =1.0,a=1.1

0.00 =~ linear blend 0.3 () + 0.7 ulpz)

Reduced space 00 01 02 . 03 04 05
VN Reduced space

Vv = Span{uy, uo, ... un}

where uq, ..., uy = snapshots



Reduced Basis Methods (RBM)

Solution manifold

Solution manifold: M = {u(u)| p € G}
HF solution manifold: My = {un(p)| p € G}

)
Reduced space Projection
on VN

VN Reduced space

— N.
Projection on V™: Solution manifold

inf |lup — vnllv, -
vweVvN

Exponential decay
Kolmogorov N-width = error from the linear space

that best fit the solution manifold: VYN >1, dy(M,V)< Ce "N,




Reduced Basis Methods

¢ Offline Construction of a reduced space V) spanned by a reduced basis
— 777



Reduced Basis Methods

¢ Offline Construction of a reduced space V) spanned by a reduced basis
— 777

¢ Online Computation of the reduced coefficients o« — 777



Reduced basis Galerkin approximation

Assume the weak formulation of the HF problem yields the discretized system

then
a(un(p), vi; ) = £ (v; i)

gives a new system to solved:

PTA(u)P a(p) = PTI(p), (G-RB)

where P € RV*N_ Now, we get a system where the inversion cost is in O(N?3)
since dimensions : PTA(u)P € RV*N and PTh ¢ RVI



Reduced basis Galerkin approximation

Assembling cost with the affine operators:
O(N?2Q? + NQ') with

Q? Q'
PTA(p)P =) #2 PTAP , PTI(u)=) ¢ PTI
(») q; 2(n) q (©) ; (1) q

precomputed offline precomputed offline



POD: Continuous version

Elliptic diffusion: —(a(u)u’)’ = sin(2nx), u(0) =u(0.5)=0

0.04

0.03
x
S 0.02 A

0.01 u(py), u1=0.5,a=0.6

u(pz), u2=1.5,a=1.6
—— U(Hmid), Umid =1.0, a=1.1
0.00 == linear blend 0.3 u(u1) + 0.7 u(u)
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POD: Continuous version
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POD: Continuous version

How many snapshots do we need to represent our data?



POD: Continuous version

Suppose we need M snapshots, the POD compresses our data by using
N < M basis functions!



POD: Continuous version

We want to approximate u(x, tt) by S"h_, ax(pt)®x(x).

Let us consider i a random variable and u centered (E,[u] = 0).
POD = PCA: We want to find the axes that best represent the data!

N
Hg}ﬁﬂl Efflu — Z a(p) Oul?].
e k=1




POD: Continuous version

How do we find the reduced basis? Var(on)

Var(a;) = E[a?] — (E[a1])? = E[a2]

a = (u,®1), [|®1]| = 1.

Hglﬁnl E[||lu — (u, <D1)CD1|| ] or marx E[|(u, <D1)| ] or CPy = A0y




Link between regularity and eigenvalues

One can show that the more regularizing the operator C is, the faster its eigenvalues decay!

Exercise: Transport equation

Let T, : L2(0,1) — L2(0,1) be the transport operator defined by ( T;x)(t) = x(t — h), with
periodic boundary conditions on (0,1) and a fixed shift h € (0,1).

1. Show that T} is a bounded linear operator on L2(0,1) and that || Tpx||2 = ||Ix| 2
2. Compute the adjoint Tj and show that T, = T_.

3. Show that T; T, = I, where [ is the identity operator.

4. Deduce that the singular values of T satisfy o, =1 for all n.

5. Conclude that T} is not compact and does not regularize.



Link between regularity and eigenvalues

Solution

1. Linearity is immediate. Moreover, || Thx||f2(0,1) = fol Ix(t — h)]2dt = fo |x(t)|?dt, due to
periodicity. Hence || Tpx||2 = ||x]|2 for all x, so T} is bounded and || T|| = 1.

2. Adjoint. For x,y € [2(0,1), (T,,x y) = fo x(t - h)m

Let u = t — h. Using periodicity, fo x(t — h)y(t) dt = fo u)y T )l (b )
since (T_py)(u) = y(u+ h). Therefore T) = T_j.

3. Using T} = T_j, for any x,
(TrTrx)(t) = (T-nThx)(t) = (Tax)(t + h) = x((t + h) — h) = x(t). Hence T, Ty = 1.

4. Singular values. By definition, the singular values are the square roots of the
eigenvalues of T, T}, (counted with multiplicity). Since T, T, = I, all eigenvalues equal 1,
with infinite multiplicity. Thus o,(Ts) =1, Vn € N.



Link between regularity and eigenvalues

5
o Let e(t) = €™ . Then {ex} orthonormal family
o Th en(t) = ex(t — h) = e 2™k ¢, (t). So, { Thex} is also orthonormal: no converging
subsequence.
e Moreover, T} is an isometry (unitary), so it does not attenuate high frequencies and
therefore does not regularize.



Snapshot POD

E[(u, ®)u] = A®, i. e. CO = AD].

1 Nirain Nirain Nirain
< N E U(X, Nk)§ :ajckaj = A E : OékU(X,/,l,k)
train |\ ) =1 —1
gives for one k =i
Nr in
1 tra
C,"J'Ozj = )\Oz,-.
Ntrain -

Jj=1




Discretization: Snapshot POD algorithm

1: Collect snapshots u(-, iti), i =1,..., Neain

2: Assemble snapshot matrix S

3. Compute correlation matrix C = S7S or C = STMS (M= mass matrix)

4: Solve Ca,- = )\,'Oc,', i = 1, ey Nt,a,',,

5: Sort the eigenvalues

6: Retrieve first N eigenvalues/eigenvectors

7: Build POD modes ®; = ﬁSa;, i=1,...,N

How do we choose N7 Ay >= X\, >= ... >=0

Elllu—Pyul®] =) Elaz]= ) A
[llv = Pynull"] = [ak] = k
k>N k>N

Relativ Information Content (RIC) must be close to 0:

Ntram
D IR Wi



Finite Volume schemes

<& Hyperbolics problems: Finite Volume Methods for Hyperbolic Problems, Randall J. LeVeque
¢ Finite volume methods, R Eymard, T Gallouét, R Herbin



TP VF5-TPFA

Notations
Mesh (7)) size: h
Sets of edges: F, Fext, Fint, FK
Normals: ng,nkq, Nk
Volumes / Measures/Distances: |K]|,|o|, dko dio, dkL

Finite Volume Methods
Based on the conservation form of the PDE

Integrate the balance equation on each cell k and apply Stokes’ formula:

Z outward flux = /source.
K

edges of K

Approximate each flux and write the discrete balance equation obtained.



TP VF5-TPFA

Notations
Mesh (7) size: h
Sets of edges: F, Fext, Fints FK

Normals: ng,nkq, Nk

Volumes / Measures/Distances: |K]|,|o|, dko, dio, dri

Finite Volume Methods

Based on the conservation form of the PDE — Flux: total outward flux = the total
internal source

Integrate the balance equation on each cell k and apply Stokes’ formula:

Z outward flux = /source.

edges of K r

Approximate each flux and write the discrete balance equation obtained.



TP VF5-TPFA

Notations
Mesh (7)) size: h
Sets of edges: F, Fext, Fint, FK
Normals: ng,nk,,nkL
Volumes / Measures/Distances: |K]|,|o|, dko, dio, dkL

Finite Volume Methods
Based on the conservation form of the PDE — Flux: total outward flux = the total
internal source
Integrate the equation on each cell x and apply Stokes’ formula:

/f(x) d(x) = /V (a(p)Vu) Z /a(u)Vu(x) Nk,o dy(x)

oc€Fk

Fk,o

Approximate each flux and write the discrete balance equation obtained.



TP VF5-TPFA

Notations
Mesh (7)) size: h
Sets of edges: F, Fext, Fints FK
Normals: ng,nkq, nkL

Volumes / Measures/Distances: |K]|,|o|, dks, dio, dri

Flux balance:

> Fro = [ 70 d(x).

oc€FK

Flux conservativity: - -
Fko+Fro=0if o = K|L.

We want to find up = (uk)ker € R7
Define up — Fk »(un) that approximates the flux and find uj, € R7 such that
|K|fK = Z FK,GVK eT.

oceFk



TP VF5-TPFA

We want to find up = (uk)ker € RT
Define up — Fk »(up) that approximates the flux and find u € R7 such that

Klfic = Y Fkoy VKET

oceFk



TP VF5-TPFA

We want to find up = (uk)ker € R7
Define up, — Fk »(up) that approximates the flux and find u € R7 such that

Klfic = Y Fko, VKET

oceFk

Case of an interior edge 0 € Eint, 0 =KJL

XL — Xk = dkL NKL.
If x € o,
u(x) — u(xx)

(Vu(x)) - nk = L

+O(h).

Ao |M +O(R?)

- fK,a =

Fk.,o(un)

A(XL)A(XK)dKL
A()(L)d;(,(,-|—A(XK)dLCr

where A is the harmonic average: A =



TP VF5-TPFA

We want to find up = (uk)ker € R7

Define up — Fk »(up) that approximates the flux and find u € R7 such that
Klfic = Y Fkoy VKET
ocEFk

Case of a boundary edge 0 € Eext

Xo — XK = dKO‘ NKo-

(Vu(x)) - nko = u(xs) —u(xkx) 0 — u(xx)

dn = e (boundary condition)
= —u(xk) 2
— Fro = lolac =5 10(r?)
Ko

—_———

FK,u(Uh)



TP VF5-TPFA

Find up, = (uk)ker, such that for all K in Tj:

Z To(uk — ug) + Z TUuK:/Kf(x)dx

o€FkNFin: o€ FkNFext

with Dirichlet boundary v = 0 on 0S2, where 7, = |U|AL Ae 2

dk,o+Ak di» on Fint

and 7, = Ial(ﬁ(—Ka on Fe
We take here Q = [0, 1] x [0, 1] with a cartesian mesh.

A(x,y; ) = 2p1 + po sin(x + y) cos(xy)
fx,yi 1) = p3(l — y) + pax (1 = x)



TP VF5-TPFA
POD-based Reduced Order Model with TPFA

o Complete the function assemble_tpfa. The TPFA solver must return the cell centers, the matrix
M, and the vector b such that Mu = b.

¢ Generate a training dataset:

Use Niain = 10 snapshots and sample random parameters g with components in [0, 1].
Solve the full-order TPFA system for each sampled parameter.
Store the resulting solutions as a snapshots list.

o Using the discrete L2 inner product (u, v);2 = >, |K| uk vk,

Assemble the snapshot correlation matrix.
Compute the reduced basis with a Proper Orthogonal Decomposition (POD).
Verify that the reduced basis is orthonormal with respect to (-, -) ;2.

¢ Determine how many modes N are sufficient using the Relative Information Content.
¢ Write a function that computes the ROM projection coefficients of a given full-order solution u.

¢ Consider a new parameter p. Write a function that computes the reduced-order approximation of
the solution without computing the HF solution.

¢ Show that the obtained reduced system has the form Ma = b, where M is of size N x N and b is
of size N.



TP VF5-TPFA

POD-based Reduced Order Model with TPFA

¢ Test the reduced model for u = (0.6,0.5,0.2,0.8).

o Compare the errors ||urer — ul[;2  and  ||urer — un||12, Where uper is a refined solution.



Unit square with Nx=5, Ny=2 (dx=0.2, dy=0.5)
1 0CeII-center indexing: (i,j)

(Onl)|(16)|(201)|(301)|(4el)

(080)|(100)|(200)|(380)|(440)

0.0
00 0.2 04 06 08 1.0

X



TP Kolmogorov

TP2:

with Kolmogorov n width not small: u(x, u) = tanh(*5%).



Reduced Basis Methods

o Offline Construction of a reduced space V) spanned by a reduced basis.

¢ Online Computation of the reduced coefficients cx.

The optimal reduced space V¥ may not be found
Two main algorithms to find approximated reduced spaces: the Proper
Orthogonal Decomposition (POD) or greedy algorithms.



aposteriori errors



Computable error bound

dy(Mp, Vi) = inf  sup inf |lup — wy|ly, = €.
VNCV, ye My, vV
dim(VN)=n

POD reminder: Vi = Span{®y,..., ®y}, where

Vy = inf E[|u— Pyul]}
v=" it Elu~Pyul}]
dim(VN)=n



Computable error bound

dy(Mp, Vi) = inf sup inf ||uh — v, = €.
VNC VL upeM, eV
dim(VN)=n

POD reminder: Vy = Span{®;,..., ®y}, where

Vy = V,\}nf E[||u — Pyull3]
dim(VN)=nN

> llun(rs) — Palen() ~ 3

i=1 k=N+1



Computable error bound

dy(Mp, Vi) = inf sup inf |lup — wn|ly, = €.
vNcv, upEM,, A%
dim(VN)=n

MZHUh )~ P = 3

k=N+1

lun(pem) — Pr(un(pm))y < ZIIUh(M:)— Pr(un(p))lly = M Z Ak

i=1 k=N-+1
Thus, at the points {/im}1<m<m. we know that the error is bounded by § > 0



Computable error bound

dN(Mh, Vh) = inf sup inf ||Uh — VN”V,, = ¢.
VNCVy e My, eV
dim(VN)=n

What about ||up(pr) — Pn(un(p))|lv - for o & {pimf1<m<m 7777

or

llun(pe) — un(p)||v for any p, including 1 € {1tm}1<m<m, since in practice the
RB approximation is not optimal, i.e., uy(u) # Pn(up(p)) 7777



Computable error bound

dy(Mp, Vi) = inf sup inf |lup — wn|lv, = e
VNCV, uphEMyp vye VN
dim(VN)=N

Like FEM Cea’s lemma, under some assumptions (a coercive ...)

lan = anlly < 29 inf Y1y — vl

a(p) wevn

but in practice inf ||up, — vn||v is not computable!
vwEWy



Computable error bound

dN(Mh; Vh) = inf sup inf ||Uh — VNHVh = €.
VNC Ve My, vnevl
dim(VN)=n

We want a bound that depends only on the RB approximation uy :



Computable error bound

dN(./\/lh, Vh) = inf sup inf ||Uh — VNHVh =c.
VNC Ve My, eVl
dim(VN)=n

We want a bound that depends only on the RB approximation uy :
aposteriori bound !!!



The aposteriori error bound measures the RB method fiability:

lu(p) = un(p)llv < [lu(p) — un(p)llv + |un(pe) — un(p)llv

=0(h*) <An(p)

There are many different types of a posteriori error estimation:
residual-based estimates
averaging-based estimates
equilibrated fluxes estimates
equilibrated residual estimates
hierarchical estimates

heuristic estimates



Computable error bound

Theorem: Banach-Necas-Babuska

Let a: V x W continuous bilinear form and f: W — R continuous linear form
The problem

find u e V, a(u,w) = f(w), Yw e W

is well-posed iff

Jass > 0,Vv € V.,  sup i(v‘;l"’v"v) > asl|v]v.
weW\{0}

The following estimate holds true:

1

sta

Jullv <

I llwr

The dual space of V' is V' := L(V,R) the space of continuous linear forms.
lg(v)]

vilv

Norm: ||g|lv: = sup
veV.v£0



Computable error bound

Reminder: Galerkin condition

The error ey is orthogonal to the test space V) in the energy inner product induced by

a(-,-):

‘a(eN, VN) = a(u — Uy, VN) = 0, Vvy € Vp. ‘

Consider the weak residual r(v) = ¢(v) — a(up, v). Then
r(vN) = a(u, VN) = a(uN, VN) = a(eN, VN) =0, Yvy € Wy.

In other words, the residual vanishes on the test space.



Computable error bound

The following estimate holds true:

1

sta

lullv < —I[fllw

And thus:
the following estimate holds true:

lu = unll = llellv < —[[r[lw

sta



Computable error bound

Theorem: Banach-Necas-Babuska

Let a: V), x W, continuous bilinear form and f, : W, — R continuous linear form
The H-F problem

find uy, € Vh, a(uh, Wh) = f(Wh)7 Yw, € W,

is well-posed iff

7‘(:;17‘]/‘:/) > O‘staHVhHV'

Jasta > 0,Vvy, € Vi, sup
wi €W, \ {0}

The following estimate holds true:

uallv < | fallw

sta




Computable error bound

a(Vh,W/-,)
lvallvlIwallv

Qsta = Inf  sup > 0 is the “inf-sup stability constant”

VhE VhWhe V4



Computable error bound

a(Vh,W/-,)
lvallvlIwallv

Qsta = Inf  sup > 0 is the “inf-sup stability constant”

Vh€ Vhw, eV
A V-V

With HF basis {w;}¥;, we know that:
a(u,v) = vT Au, with A; = a(wj, w;), and (u, v) = v Mu with
M = (wj, wi).



Computable error bound

a(Vh,W/-,)

Qsty = inf sup i

> 0 is the “inf-sup stability constant”
Vi€ Vhw,e Vi

AV -V

With HF basis {w;}¥;, we know that:
a(u,v) = vT Au, with A; = a(wj, w;), and (u, v) = v Mu with

M = (w;, w;)
ij j» Wi)-
. T . . |IA : .
Osta = Inf sup -2 AW _ — jnf Avallv: 0 js the inf-sup stability
llvhllv[lwn(lv llvhllv
VhthWhEVh vheV)
constant”

Yup € V, ||Auh||V/ > OéstaHuhHV



Computable error bound

Yup € V, ||AUh||V/ > OéstaHuhHV

Coercivity?
© a can be asymetric
o a(u,u) can be 0

Stokes:
A BT u T T
=u Au+ 2p'B
(”p)(B 0)<P) RN

can be negative!
Coercivity < u = miaJ(v) = 2a(v,v) — I(v) ( Convexity, unique minimum:
ve

Lax-Milgram)



Computable error bound

Vup € Vi, ||Aun|lv: > asellunllv

Going back to Viy C Vj:



Computable error bound

Vup € Vi, ||Aun|lv: > asta||unllv
Going back to Viy C Vj:
consider the weak residual r(v) = ¢(v) — a(un, v). Then
VI/\/ Sry =1 — Auy
= Auh — AUN = AeN
o From continuity, ||Aw||v: < v||w|v

o From inf-sup condition, ||Aw||y: > ag.||lw||v
Thus, with w = ey,

1 1
—[Irnllwr < lenflv < = [[rnlfve
v (X sta




We are going to use [[u(s1) — un(p)llv < 5 tos lew(1e) v

“A posteriori numerical analysis based on the method of equilibrated
fluxes”, M. Vohralik
https://who.rocq.inria.fr/Martin.Vohralik/Enseig/APost/ayosteriori.pdf



Aposteriori

A
An a posteriori error estimator is a function Ay : G — R™ satisfying the following
properties:

Robustness:
Veeg,  |un(p) = un(p)llv < An(p).

Efficiency (and local efficiency):
Yue g, 3IK(w) >0 suchthat Apn(p) < K(p)llus(p)— un(p)|v

Asymptotic exactness: the effectivity index I = % N—> 1
—00

Guaranteed upper bound: The function Ay can be evaluated for all p € G without
evaluating up(pe) (fully computable from un(p)).

Small evaluation cost: Can be evaluated locally (only performing calculations in the
element K or in its neighborhood Z)

Error components identification: Distinguish and estimate separately the different
error components



Aposteriori

We are going to use

1 1
A =——|n r = ———||I — Au /
N(p’) asta(N)H N(/J/)HV asta(/J/)H NHV

An a posteriori error estimator is a function Ay : G — R™ satisfying the following

properties:
Robustness: X Vu € G, llen(p)llv < An(p).
Efficiency (and local efficiency): X Since aA < ey, we take K = 1

An(p) 1
lun—unll o

Asymptotic exactness: X the effectivity index I =

Guaranteed upper bound: X Without evaluating up(ut)
Small evaluation cost: local residual (useful for raffinement / mesh adaptation)

Error components identification: Distinguish and estimate separately the different
error components (e.g. algebraic error, linked to solver imprecision)



We are going to use

1

AN(H) - O‘sta(“’)

()l = st = Aunly

The aposteriori error bound measures the RB method fiability:

Ju(p) = un(p)llv < lu(p) — un(p)llv + |[un(p) — un(p)llv
=o(h) <An(w)

There are many different types of a posteriori error estimation:
residual-based estimates
averaging-based estimates
equilibrated fluxes estimates
equilibrated residual estimates
hierarchical estimates
heuristic estimates



Aposteriori

Two key ingredients:
¢ Dual norm of the residual: Offline-online computation strategy

o Inf-sup asa(pt) not efficiently computable but one can compute oy g(pt) such that

V,u (S g, asta(u) > O‘LB(/J‘)

Case of coercivity: a* = inf a(v’\zf)
v#£0 vy
Remark: When a,(1t) becomes small, K(u) = I becomes too big! Overestimate RB

approximation.




Dual norm of the residual

Let's get back to our sheep

4 v’*‘.i,ﬁ: ’&&1
i

linear second-order parameter dependent problem

{—V- (a(p)Vu) = f(p) dans Q,
u=20 sur 052.

Q1B = (min



Dual norm of the residual

Reminder: Riesz representation Theorem

Vre V', 3z e V such that r(v) = (z,v)y VveV,

and we define the norm on V' :

IrllY: = r(2) = (z,2)v.

Thus, since in our setting V = H}(Q), thus (z,z)y = z"Kz = rTK1r,
where K is the stiffness matrix.



Dual norm of the residual

A(p) = 03(m)Ag and I(p) = 6 (p)lg



Reduced basis Galerkin approximation

Assume the weak formulation of the HF problem yields the discretized system

then
a(un(p), vi; ) = £ (v; i)

gives a new system to solved:

PTA(u)P a(p) = PTI(p), (G-RB)

where P € RV*N_ Now, we get a system where the inversion cost is in O(N?3)
since dimensions : PTA(u)P € RV*N and PTh ¢ RVI



Reduced basis Galerkin approximation

Assembling cost with the affine operators:
O(N?2Q? + NQ') with

Q? Q'
PTA(p)P =) #2 PTAP , PTI(u)=) ¢ PTI
(») q; 2(n) q (©) ; (1) q

precomputed offline precomputed offline



Dual norm of the residual
A(p) = ZQZ(N)ACI and  I(p) = Z%(P’)Iq

q Qé QZ

IA()un(p) = W)II% =D 0> 05 ()0k(r) | I TK g

g=1 k=1

+ZZ@3 )02 (1) () | PTA]K AP o)
qg=1 k=1

Rl @
=233 O ()3() )T PTATK
g=1 k=1
Online complexity: since the boxed quantities are precomputed offline and
a(p) € RN is known, the comgutatlonal cost is

« Q YHV2+*Q£Q2 )
We solve systems like Kw = lq and Kw = A4P




Aposteriori

We are going to use

1 1
A =——|n r = ———||I — Au /
N(p’) asta(N)H N(/J/)HV asta(/J/)H NHV

An a posteriori error estimator is a function Ay : G — R™ satisfying the following

properties:
Robustness: X Vu € G, llen(p)llv < An(p).
Efficiency (and local efficiency): X Since aA < ey, we take K = 1

An(p) 1
lun—unll o

Asymptotic exactness: X the effectivity index I =

Guaranteed upper bound: X Without evaluating up(ut)
Small evaluation cost: local residual (useful for raffinement / mesh adaptation)

Error components identification: Distinguish and estimate separately the different
error components (e.g. algebraic error, linked to solver imprecision)



Let's get back to our sheep

linear second-order parameter dependent problem

V- (a(p)Vu) = f(p) dans Q,
u=0 sur 0RQ.

Q| B = Omin

Ay = éan
K

where

77%( = (h%(||f+ AUNH%Z(K) + Z he“[[qu ' n]]”%Z(e))
eCOK



1
D=~ Y where nf = (H|If + BunlFge + D helll[Vun - nlllEe))
K e

Proof:
r(v) = #€(v) — a(un, v). Then with Q = Uk K,

r(v) :zK:(/Kfv—/K(VuN,Vv))

(/Kfv+/KAuN-v—/aK(VuN-n)v)

/K(f—i-AuN)v—zK: /E)K(VUN - n)v

—_—

element residual flux continuity default

>
>



By C-S and Poincare:
| [ (f + Aun)v| < |If + Aunlle)Ivileky < Chellf + Aunllew) IV VIl
and by trace inequality,

| [(Vun - n)v] < [Vu - all 2|Vl < Che'?|

[Vun -0l [Vl

r(v)] < (D Chillf + Dunll 2y + ChY? ||V un - 0l 2e) IV 2k
K

Thus (A+ B < V2(A? + B)Y/? &),
1/2
/()] < (3 CORAF + Dun 22y + Chel Vun - nl2) 21V v 2

[r(v)|

o llvilv

Irllv: = sup

thus

An ZnK where 1k = (Kl + Al + 3 hell (Vo ol



Aposteriori

The error in K depends not only on the residual inside K but also on nearby elements: so
the estimator uses a patch residual.

1
Ay =

(m +n2)

sta

where

=Y hRIF+ Dunlfey and =Y hel(Vun) - nel| 2o
K€l ecFk



Two key ingredients:
¢ Dual norm of the residual: Offline-online computation strategy X

o Inf-sup asa(pt) not efficiently computable but one can compute oy g(pt) such that

V,u (S g, asta(u) > O‘LB(/J‘)



arg(p)

A v

Qsta(pt) = VeV 0 ||Vl v

Thus Vv, € V4,

sta(10)?[[Vh]| T = @sta()?vi " Myvi < [[A(p)vnl[3 := (A()vi) "My~ (A(p)vh)

2 e W AW TMTA(R),
sta VhE Vi, v £0 VhTM\/Vh

asta(p) is the square root of the smallest eigenvalue of the problem

ATMy A(p)vi = AMy vy,



ATMy 1AV, = \My v,

eigenvalue of size A/ but one can find a minorant of ag, efficiently
computable.



TP3: Kolmogorov very small

Elliptic diffusion: —(a(u)u’)’ = sin(2nx), u(0) =u(0.5) =0
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=
5 002

0.01 —— Ulp),j1=05,a=0.6

ulpy). p2=15,a=16
= Ulpimig), Hmig =1.0, a=1.1
0.00 ~ = linear blend 0.3 u(uy) +0.7 u(p2)
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TP4: same PDE with a posteriori



TP Kolmogorov

FEM with Kolmogorov n width not small: Burgers equation:
Viscous Burgers (1D) with periodic BC using scikit-fem

ur + vuuy —euex = 0in (0, T] x [-1,1]

u(0, x) = up(x) = A + sin(x)

u periodic at x = —1 and x =1

Time stepping: IMEX (explicit convection, implicit diffusion)
(M + dte K)u" = Mu" — dtF(u") where F;(u") = [ vvi(u™)(u™)xdx
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