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Reduced Basis Methods (RBM)

Solution manifold

Solution manifold:
M = {u(µ)| µ ∈ G}
HF solution manifold:
Mh = {uh(µ)| µ ∈ G}

How can we reduce the manifold
complexity?

⋄ Keep HF precision

⋄ Reduce computational costs

Reduced space

V N Reduced space

VN = Span{u1, u2, . . . uN}

where u1, ..., uN = snapshots



Reduced Basis Methods (RBM)

Solution manifold

Solution manifold: M = {u(µ)| µ ∈ G}
HF solution manifold: Mh = {uh(µ)| µ ∈ G}

Reduced space

V N Reduced space

Projection on V N :

inf
vN∈V N

‖uh − vN‖Vh
.

Kolmogorov N-width = error from the linear space
that best fit the solution manifold:
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Exponential decay

∀N > 1, dN(M,V ) ≤ Ce−τN .



TP RB+VF

⋄ Offline Construction of a reduced space VN spanned by a reduced basis
→ ???

⋄ Online Computation of the reduced coefficients α → ???



TP RB+VF

⋄ Offline Construction of a reduced space VN spanned by a reduced basis
→ ???
VM = Span{u1, . . . , uM} (or VNtrain = Span{u1, . . . , uNtrain})
Instead of approximate u(x,µ) by

∑M
k=1 αk(µ)uk(x), we take

∑N
k=1 ak(µ)Φk(x) with N < M .

min
‖Φ1‖=1

E[‖u − (u,Φ1)Φ1‖2] or CΦ1 = λ1Φ1

⋄ Online Computation of the reduced coefficients α → ???
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TP RB+VF

⋄ Offline Construction of a reduced space VN spanned by a reduced basis
→ ???
VM = Span{u1, . . . , uM} (or VNtrain = Span{u1, . . . , uNtrain})
Instead of approximate u(x,µ) by

∑M
k=1 αk(µ)uk(x), we take

∑N
k=1 ak(µ)Φk(x) with N < M .

min
‖Φ1‖=1

E[‖u − (u,Φ1)Φ1‖2] or CΦ1 = λ1Φ1

Construct RB(NumberOfSnapshots=100,Nx=50,Ny=50,NumberOfModes=20)

⋄ Online Computation of the reduced coefficients α → ???
PTA(µ)P α(µ) = PT l(µ)
solve tpfa rom(mu, Nx, Ny, Phi)



TP RB+VF
assemble tpfa.
Finite Volume Methods

Based on the conservation form of the PDE → Flux: total outward flux = the total
internal source

Integrate the equation on each cell κ and apply Stokes’ formula:

∫

K

f (x) d(x) = −
∫

K

∇ ·
(
a(µ)∇u

)
=

∑

σ∈FK

−
∫

σ

a(µ)∇u(x) · nK ,σ dγ(x)

︸ ︷︷ ︸

FK,σ

Approximate each flux and write the discrete balance equation obtained.

=⇒ FK ,σ = −A(µ)|σ|u(xL)− u(xK )

dKL
︸ ︷︷ ︸

FK,σ(uh)

+O(h2)

where A is the harmonic average: A = A(xL)A(xK )dKL
A(xL)dK,σ+A(xK )dL,σ



TP RB+VF

Expected results: Convergence in O(h2)
µ = (0.6, 0.5, 0.2, 0.8)



TP RB+VF

⋄ Keep HF precision
√

⋄ Reduce computational costs ?



TP RB+VF

import time

start = time.time()

# code blabla

end = time.time()

print("Time :", end - start, "secondes")



TP RB+VF

def A fct(x, y, mu1, mu2):

# Diffusion parameter

return 2.0 * mu1 + mu2 * np.sin(x + y) * np.cos(x * y)

def f fct(x, y, mu3, mu4):

# Right-hand side term

return mu3 * (1.0 - y) + mu4 * x * (1.0 - x)

Solve Au = l with A(µ) =
∑

q θ
a
q(µ)Aq and l(µ) =

∑

q θ
l
q(µ)lq???

A is the harmonic average: A = A(xL)A(xK )dKL
A(xL)dK ,σ+A(xK )dL,σ
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TP RB+VF

Find u =
∑

i ai(µ)Φi(x)
# assemble full system

, ,M, b = assemble tpfa(Nx=Nx, Ny=Ny, mu=mu)

def solve tpfa rom(mu, Nx, Ny, Phi):

# Reduced operators

Mr =(Phi.T (M Phi))

br = (Phi.T b)

a = np.linalg.solve(Mr, br)

u rom = np.dot(Phi, a)

U rom = u rom.reshape((Nx, Ny), order="F")

return a, U rom



TP RB+VF

⋄ Keep HF precision
√

⋄ Reduce computational costs ?



TP RB+VF

One can show that the more regularizing the operator C is, the faster its
eigenvalues decay!



TP Kolmogorov

TP2:

with Kolmogorov n width not small: u(x , µ) = tanh(x−µ
δ
).
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Computable error bound
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dN(Mh,Vh) = inf
V N⊂Vh

dim(VN )=N

sup
uh∈Mh

inf
vN∈V N

‖uh − vN‖Vh
= ε.

POD reminder: VN = Span{Φ1, . . . ,ΦN}, where

VN = inf
V N⊂VM

dim(VN )=N

E[‖u − PNu‖2V ]
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POD reminder: VN = Span{Φ1, . . . ,ΦN}, where

VN = inf
V N⊂VM

dim(VN )=N

E[‖u − PNu‖2V ]

1

M

M∑

i=1

‖uh(µi)− PN(uh(µi))‖2V =
M∑

k=N+1

λk
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1

M

M∑

i=1

‖uh(µi)− PN(uh(µi))‖2V =
M∑

k=N+1

λk

‖uh(µm)− PN(uh(µm))‖2V ≤
M∑

i=1

‖uh(µi)− PN(uh(µi))‖2V = M

M∑

k=N+1

λk

Thus, at the points {µm}1≤m≤M , we know that the error is bounded by δ > 0
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dim(VN )=N

sup
uh∈Mh

inf
vN∈V N

‖uh − vN‖Vh
= ε.

What about ‖uh(µ)− PN(uh(µ))‖V for µ /∈ {µm}1≤m≤M ????

or

‖uh(µ)− uN(µ)‖V for any µ, including µ ∈ {µm}1≤m≤M , since in practice the
RB approximation is not optimal, i.e., uN(µ) 6= PN(uh(µ)) ????
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‖uh − vN‖Vh
= ε.

Like FEM Cea’s lemma, under some assumptions (a coercive ...)

‖uh − uN‖V ≤ γ(µ)

α(µ)
inf

vN∈VN

‖uh − vN‖V

but ...
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dim(VN )=N

sup
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inf
vN∈V N

‖uh − vN‖Vh
= ε.

We want a bound that depends only on the RB approximation uN :
aposteriori bound !!!



Aposteriori

The aposteriori error bound measures the RB method fiability:

‖u(µ)− uN(µ)‖V ≤ ‖u(µ)− uh(µ)‖V
︸ ︷︷ ︸

=O(hs)

+ ‖uh(µ)− uN(µ)‖V
︸ ︷︷ ︸

≤∆N (µ)

There are many different types of a posteriori error estimation:

residual-based estimates

averaging-based estimates

equilibrated fluxes estimates

equilibrated residual estimates

hierarchical estimates

heuristic estimates



Computable error bound

Theorem: Banach-Necas-Babuska
Let a : V ×W continuous bilinear form and f : W → R continuous linear form
The problem

find u ∈ V , a(u,w) = f (w), ∀w ∈ W

is well-posed iff

∃αsta > 0, ∀v ∈ V , sup
w∈W\{0}

a(v ,w)
‖w‖W

≥ αsta‖v‖V .

The following estimate holds true:

‖u‖V ≤ 1

αsta

‖f ‖W ′

The dual space of V is V ′ := L(V ,R) the space of continuous linear forms.

Norm: ‖g‖V ′ = sup
v∈V ,v 6=0

|g(v)|
‖v‖V



Computable error bound

Theorem: Banach-Necas-Babuska
Let a : Vh × Vh continuous bilinear form and fh : Vh → R continuous linear form
The H-F problem

find uh ∈ Vh, a(uh,wh) = f (wh), ∀wh ∈ Vh

is well-posed iff

∃αsta > 0, ∀vh ∈ Vh, sup
wh∈Vh\{0}

a(vh,wh)
‖wh‖V

≥ αsta‖vh‖V .

The following estimate holds true:

‖uh‖V ≤ 1

αsta

‖fh‖V ′



Computable error bound

Reminder: Galerkin condition
The error eN is orthogonal to the test space VN in the energy inner product induced by
a(·, ·) :

a(eN , vN) = a(u − uN , vN) = 0, ∀vN ∈ VN .

Consider the weak residual r(v) = ℓ(v)− a(uN , v). Then

r(vN) = a(u, vN)− a(uN , vN) = a(eN , vN) = 0, ∀vN ∈ VN .

In other words, the residual vanishes on the test space.



Computable error bound

The following estimate holds true:

‖uh‖V ≤ 1

αsta

‖fh‖V ′

And thus:
the following estimate holds true:

‖uh − uN‖ = ‖eh‖V ≤ 1

αsta

‖rh‖V ′



Computable error bound

αsta = inf
vh∈Vh

sup
wh∈Vh

a(vh,wh)
‖vh‖V ‖wh‖V

> 0 is the “inf-sup stability constant”

A : V → V ′

With HF basis {wi}Ni=1, we know that:
a(u, v) = vTAu, with Aij = a(wj ,wi), and (u, v) = vTMu with
Mij = (wj ,wi).

αsta = inf
vh∈Vh

sup
wh∈Vh

wh
TA vh

‖vh‖V ‖wh‖V
= inf

vh∈Vh

‖Avh‖V ′

‖vh‖V
> 0 is the “inf-sup stability

constant”
∀uh ∈ Vh, ‖Auh‖V ′ ≥ αsta‖uh‖V
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Computable error bound

∀uh ∈ Vh, ‖Auh‖V ′ ≥ αsta‖uh‖V
Coercivity?

⋄ a can be asymetric

⋄ a(u, u) can be 0

Stokes:

(u p)

(
A BT

B 0

)(
u

p

)

= uTAu + 2pTBu
︸ ︷︷ ︸

can be negative!

Coercivity ⇔ u = min
v∈V

J(v) = 1
2a(v , v)− l(v) ( Convexity, unique minimum:

Lax-Milgram)
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Computable error bound

∀uh ∈ Vh, ‖Auh‖V ′ ≥ αsta‖uh‖V
Going back to VN ⊂ Vh:
consider the weak residual r(v) = ℓ(v)− a(uN , v). Then

V ′
N ∋ rN = l− AuN

= Auh − AuN = AeN

⋄ From continuity, ‖Aw‖V ′ ≤ γ‖w‖V
⋄ From inf-sup condition, ‖Aw‖V ′ ≥ αsta‖w‖V

Thus, with w = eN,

1

γ
‖rN‖W ′ ≤ ‖eN‖V ≤ 1

α sta
‖rN‖V ′
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Aposteriori

We are going to use ‖uh(µ)− uN(µ)‖V ≤ 1
αsta(µ)‖rN(µ)‖V ′

“A posteriori numerical analysis based on the method of equilibrated
fluxes”, M. Vohralik

https://who.rocq.inria.fr/Martin.Vohralik/Enseig/APost/aposteriori .pdf



Aposteriori

An a posteriori error estimator is a function ∆N : G → R
+ satisfying the following

properties:

Robustness:
∀µ ∈ G, ‖uh(µ)− uN(µ)‖V ≤ ∆N(µ).

Efficiency (and local efficiency):

∀µ ∈ G, ∃K (µ) > 0 such that ∆N(µ) ≤ K (µ)‖uh(µ)− uN(µ)‖V

Asymptotic exactness: the effectivity index Ieff = ∆N (µ)
‖uh−uN‖

→
N→∞

1

Guaranteed upper bound: The function ∆N can be evaluated for all µ ∈ G without
evaluating uh(µ) (fully computable from uN(µ)).

Small evaluation cost: Can be evaluated locally (only performing calculations in the
element K or in its neighborhood IK )
Error components identification: Distinguish and estimate separately the different
error components
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Small evaluation cost: local residual (useful for raffinement / mesh adaptation)

Error components identification: Distinguish and estimate separately the different
error components (e.g. algebraic error, linked to solver imprecision)
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The aposteriori error bound measures the RB method fiability:

‖u(µ)− uN(µ)‖V ≤ ‖u(µ)− uh(µ)‖V
︸ ︷︷ ︸

=O(hs)

+ ‖uh(µ)− uN(µ)‖V
︸ ︷︷ ︸

≤∆N (µ)

There are many different types of a posteriori error estimation:

residual-based estimates

averaging-based estimates

equilibrated fluxes estimates

equilibrated residual estimates

hierarchical estimates

heuristic estimates



Aposteriori

Two key ingredients:

⋄ Dual norm of the residual: Offline-online computation strategy

⋄ Inf-sup αsta(µ) not efficiently computable but one can compute αLB(µ) such that

∀µ ∈ G, αsta(µ) ≥ αLB(µ)

Case of coercivity: α∗ = inf
v 6=0

a(v ,v)
‖v‖2

V

Remark: When αsta(µ) becomes small, K (µ) = γ
α becomes too big! Overestimate RB

approximation.



Dual norm of the residual

Let’s get back to our sheep

linear second-order parameter dependent problem

{

−∇ ·
(
a(µ)∇u

)
= f (µ) dans Ω,

u = 0 sur ∂Ω.

αLB = αmin



Dual norm of the residual

Reminder: Riesz representation Theorem

∀r ∈ V ′, ∃!z ∈ V such that r(v) = (z , v)V ∀v ∈ V ,

and the norm on V ′ is:

‖r‖2V ′ = r(z) = (z , z)V .

Thus, since in our setting V = H1
0 (Ω), thus (z , z)V = zTKz = rTK−1r ,

where K is the stiffness matrix.



Dual norm of the residual

A(µ) =
∑

q

θaq(µ)Aq and l(µ) =
∑

q

θlq(µ)lq



Reduced basis Galerkin approximation

Assume the weak formulation of the HF problem yields the discretized system

A(µ)u(µ) = l(µ)

then
a (uN(µ), vN ;µ) = ℓ (vN ;µ)

gives a new system to solved:

PTA(µ)P α(µ) = PT l(µ).



Reduced basis Galerkin approximation

Assembling cost with the affine operators:
O(N2Qa + NQ l) with

PTA(µ)P =
Qa
∑

q=1

θaq(µ) PTAqP
︸ ︷︷ ︸

precomputed offline

, PT l(µ) =
Q l
∑

q=1

θlq(µ) PT lq
︸︷︷︸

precomputed offline

.



Dual norm of the residual

A(µ) =
∑

q

θaq(µ)Aq and l(µ) =
∑

q

θlq(µ)lq

‖A(µ)uN(µ)− l(µ)‖2V ′ =
Qℓ
∑

q=1

Qℓ
∑

k=1

θℓq(µ)θ
ℓ
k(µ) lk

TK−1lq

+
Qa
∑

q=1

Qa
∑

k=1

θaq(µ)θ
a
k(µ)α(µ)T PTAT

k K
−1AqP α(µ)

− 2
Qℓ
∑

q=1

Qa
∑

k=1

θℓq(µ)θ
a
k(µ)α(µ)T PTAT

k K
−1lq .

Online complexity: since the boxed quantities are precomputed offline and
α(µ) ∈ R

N is known, the computational cost is
O
(
(Qℓ)2 + (Qa)2N2 + QℓQaN

)
.

We solve systems like Kw = lq and Kw = AqP



Aposteriori
We are going to use

∆N(µ) =
1

αsta(µ)
‖rN(µ)‖V ′ =

1

αsta(µ)
‖l− AuN‖V ′

An a posteriori error estimator is a function ∆N : G → R
+ satisfying the following

properties:

Robustness: ⊠ ∀µ ∈ G, ‖eN(µ)‖V ≤ ∆N(µ).

Efficiency (and local efficiency): ⊠ Since α∆ ≤ eNγ, we take K = γ
α

Asymptotic exactness: ⊠ the effectivity index Ieff = ∆N (µ)
‖uh−uN‖

→
N→∞

1

Guaranteed upper bound: ⊠ Without evaluating uh(µ)

Small evaluation cost: ⊠

Error components identification: Distinguish and estimate separately the different
error components (e.g. algebraic error, linked to solver imprecision)



Aposteriori

Let’s get back to our sheep

linear second-order parameter dependent problem

{

−∇ ·
(
a(µ)∇u

)
= f (µ) dans Ω,

u = 0 sur ∂Ω.

αLB = αmin

∆N =
1

α

∑

K

ηK

where
η2K =

(

h2K‖f +∆uN‖2L2(K) +
∑

e⊂∂K

he‖[[∇uN · n]]‖2L2(e)

)



Aposteriori

∆N =
1

α

∑

K

ηK where η2K =
(

h2K‖f +∆uN‖2L2(K) +
∑

e

he‖[[∇uN · n]]‖2L2(e)

)

Proof:
r(v) = ℓ(v)− a(uN , v). Then with Ω = ∪KK ,

r(v) =
∑

K

(
∫

K

fv −
∫

K

(∇uN ,∇v)
)

=
∑

K

(
∫

K

fv +

∫

K

∆uN · v −
∫

∂K

(∇uN · n)v
)

=
∑

K

∫

K

(f +∆uN)v

︸ ︷︷ ︸

element residual

−
∑

K

∫

∂K

(∇uN · n)v
︸ ︷︷ ︸

flux continuity default



Aposteriori
By C-S and Poincare:
|
∫

K
(f +∆uN)v | ≤ ‖f +∆uN‖L2(K)‖v‖L2(K) ≤ ChK‖f +∆uN‖L2(K)‖∇v‖L2(K)

and by trace inequality,

|
∫

e
(∇uN · n)v | ≤ ‖∇uN · n‖L2(e)‖v‖L2(e) ≤ Ch

1/2
e ‖∇uN · n‖L2(e)‖∇v‖L2(K)

|r(v)| ≤
(∑

K

ChK‖f +∆uN‖L2(K) + Ch1/2e ‖∇uN · n‖L2(e)

)
‖∇v‖L2(K)

Thus (A+ B ≤
√
2(A2 + B2)1/2 ⇔),

|r(v)| ≤
(∑

Ch2K‖f +∆uN‖2L2(K) + Che‖∇uN · n‖2
L2(e)

)1/2‖∇v‖L2(K)

‖r‖V ′ = sup
v 6=0

|r(v)|
‖v‖V

thus

∆N =
1

α

∑

K

ηK where η2K =
(

h2K‖f +∆uN‖2L2(K) +
∑

e

he‖[[∇uN · n]]‖2L2(e)

)



Aposteriori

The error in K depends not only on the residual inside K but also on nearby elements: so
the estimator uses a patch residual.

∆N =
1

αsta

(η1 + η2)

where
η21 =

∑

K ′∈IK

h′2K ‖f +∆uN‖2L2(K ′) and η2 =
∑

e∈FK

he‖(∇uN) · ne‖L2(e)2



Aposteriori

Two key ingredients:

⋄ Dual norm of the residual: Offline-online computation strategy ⊠

⋄ Inf-sup αsta(µ) not efficiently computable but one can compute αLB(µ) such that

∀µ ∈ G, αsta(µ) ≥ αLB(µ)



αLB(µ)

αsta(µ) = inf
vh∈Vh,vh 6=0

‖A(µ)vh‖V ′

‖vh‖V
.

α2
sta = inf

vh∈Vh,vh 6=0

vh
TA(µ)TM−1

V A(µ)vh
vhTMVvh

αsta(µ) is the square root of the smallest eigenvalue of the problem

AT (µ)MV
−1A(µ)vh = λMV vh



Aposteriori

ATMV
−1Avh = λMV vh

eigenvalue of size N but one can find a lower bound of αsta efficiently
computable.



TP Aposteriori

TP3: Kolmogorov very small

TP4: same PDE with a posteriori



TP Kolmogorov

FEM with Kolmogorov n width not small: Burgers equation:
Viscous Burgers (1D) with periodic BC using scikit-fem

ut + νuux − εuxx = 0 in (0,T ]× [−1, 1]

u(0, x) = u0(x) = λ+ sin(x)

u periodic at x = −1 and x = 1

Time stepping: IMEX (explicit convection, implicit diffusion)
(M + dtε K )un+1 = Mun − dtF (un) where Fi(u

n) =
∫
νvi(u

n)(un)xdx
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