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TP RB+FEM

o Offline Construction of a reduced space V) spanned by a reduced basis
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Vi = Span{us,...,un}
We approximate u(x, pt) by SV v (1) ug ()

uj = argmax ¢ p¢||u — Pyi-1(u)]],

V' = Span(V'7 1, ;).
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¢ Online Computation of the reduced coefficients o« — 777

PTA(1)P a(p) = PTI(p)
solve_fem_rom(A,b,mu, Phi,m)



Greedy like ...

Solution FEM 2D, mu = 5
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TP Kolmogorov
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TP Kolmogorov
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TP RB+FEM

Expected results: Convergence in O(h)!!

Convergence FEM / ROM (norm H10)

®— ||lurer — UnllH10
h

B |lurer — un||H10

Error H10

1072

4x102 3x1072 2x1072



TP RB+FEM

Expected results:
p=11,2,3,4]

Certification a posteriori

1073 1 —e— True error ||us — unjx
Estimator Ay(u)

estimator

1074 1

4x1072 3x1072 2x1072



TP RB+FEM

Effectivity An/|lun — unllx

*
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TP RB4+FEM

o Keep HF precision /

¢ Reduce computational costs 7



TP RB4+FEM

import time
start = time.time()
o POD
o Greedy
o Weak Greedy (with a posteriori estimator)
We are going to use [lus(t) — un(w)llv < =2 lrm(w)llv:

end = time.time()
print("Time :", end - start, "secondes")



Two key ingredients:
¢ Dual norm of the residual: Offline-online computation strategy

o Inf-sup asa(pt) not efficiently computable but one can compute oy g(pt) such that

V,u (S g, asta(u) > O‘LB(/J‘)



EIM for non-linear parameters



EIM

Non-linear parameters



EIM

Non-linear parameters
EIM = Empirical Interpolation Method



Model problem

Let's get back to our sheep

linear second-order parameter dependent problem

—V - (A(n)Vu) = f(p) dans Q,
u=20 sur 0€2.

In weak form: find u(p) € V := H}(Q2) such that
a(u(p),vip) =L(v), VveV,

where

a(w, v;u):/ﬂA(x;u)VW-Vvdx, ﬁ(v;u):/ﬂf(u)vdx.



Why EIM?

Definition: Affine operator
the bilinear form a(-,-; @) : V x V — R is affine if there exist

© M, functions 82, : G — R, 1 < m < M, bounded (i.e. #2(G)),
o M, functions a,, : VXV =R, 1< m< M,
such that

Vue g, Y(u,v) e Vx V a(u,v, u) = 203 Jam(u, v).

A(k) = e 0 (1)An.



Why EIM?

e.g. Tpd: Q=Q;UQ,,
€.g. Tp52 Q= Ql U QQ U Q3 U Q4,



Reduced basis Galerkin approximation

Online assembling cost with the affine operators:
O(N?M, + NM;) with

M, M,
PTA(u)P =) 62 P'A,.P Pli(pn) =) ¢ Pl,
() mz::l 7. () . PTI(p) mZ::l (1)

precomputed offline precomputed offline

Instead of O(N? N) for A and of O(N N) for |



Why EIM?

M= M,



Why EIM?
M = M,
(w,v;u) = Zem(u am(u, v).
Then:

e Offline: preassemble the parameter-independent operators,
e Online: only evaluate scalar coefficients and combine small matrices.
If A(x; p) is non-affine in p, this separation is not directly available!

Idea: approximate the coefficient itself by a separated expansion using EIM.



Why EIM?

1 ?
What if e.g. A(x, p) = (a—p1)?+0e—p2)?




Why EIM?

What if e.g. A(x,p) = :

(X1—M1)2+(X2—M2)2?
We approximate the coefficient by

Am(x 1) = > Bml1t) Gin(x)




EIM: Abstract setting

Assume 2 is compact. Consider continuous functions:

Ac C(Q2x G R)
and
X = C(2;R)
Given basis functions gy, ..., qy € X, define

Xym :=span{qi,...,qu} C X.



Kolmogorov width?

MA - {A(vl'l’)vl'l’ € g}
Choose a training set of parameters G;,.;» and corresponding “snapshots”
A ).



EIM

We approximate the coefficient by

Am(x; p) = Iu(A)(x; p) Zﬁm(#) m(x)

where
¢ Iy is an interpolation operator,

o M is the number of selected “magic” points. Interpolation conditions are
imposed at these selected points

X1,...,Xp € Q2 A(xp ) = IM(A) (X ), n=1,..., M.

o (q1,...,qm) is the set of EIM basis functions,
o Pm(p) are parameter-dependent coefficients.



Matrix form and online coefficients

Define the interpolation matrix
Qu = (qj(xi))1gi,jgm
and the vector of sampled values
-
G(p) = (A(x1i ), .., Alxui )
Then

I(A) (X 1) = Bm(p) Gm(x) | < | Qu B(1) = G(p),




Matrix form and online coefficients

Qu B(p) = G(u).

Offline consists in
¢ finding the magic points,
¢ generating the basis functions g; and assembling Qy,

And then, the online stage for a new parameter value o only requires:
o evaluating A(x,; i) at the M magic points to get G(u)
¢ solving a small M x M linear system,

o forming

Am(xi ) = D Bin(1) din(X)-



Offline greedy construction of EIM

.| How do we find the magic points? And how do we construct

the basis functions?




Greedy like ...

Solution FEM 2D, mu = 5
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TP Kolmogorov
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TP Kolmogorov
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Offline greedy construction of EIM

EIM builds (g, xk) iteratively using a greedy residual criterion.



Offline greedy construction of EIM

Initialization:
¢ Choose p; such that
JA( H)”Loo(fz)
is maximal.
¢ Choose x; such that

X1 = arg maX,eq|A(X; py)|-

o Define g1(x)

¢ Define the residual
rm(x) = A(X; ) = Im—1(A)(X; )
¢ Select the next magic point at maximal residual magnitude:

Xm = arg max,cq|rm(x)|.



Offline greedy construction of EIM

a1 (Xl) =1.
X1 = arg maxycolA(x; ).

_ Ax )
1) = 20 0)

dm(Xm) = 1.
Xm = arg max,cqlrm(x)|.

rm(X)
rm(Xm)

qm(x) =



Offline greedy construction of EIM

How do we find /,,_1 in residual?



Offline greedy construction of EIM

For each parameter p,

(A1) = Bi(w) ()|

such that
h(A)(x1; p) = A(x1; p)
Thus,

Bi(p) = A(xq; 1), ¢gi(x1) = 1. and therefore ‘ LA ) = A(xz; ) g1(0)- ‘

h(A)(:; ) is the unique function
e in the space span{q; },
e such that h(A)(x1; p) = A(x1; ).

Ti={x}, Xy = span{q }.



Offline greedy construction of EIM

For each parameter p,

(A1) = Bi(w) () + Ba(k) aa() |

such that
L(A)(xi; p) = Alxisp), i=1,2

Pi(k) q1(x1) + Fa(p) q2(x1) = Alxa; ),
P1(m) q1(x2) + B2(m) g2(x2) = A(x2; ).
where g2(x1) =0, g2(x2) = 1. Thus,
Br(p) = A(x1; p), and Ba(p) = A(xz; p) — A(x1; 1) q1(x2)-
L(A)(+; ) is the unique function

e in the space span{qi, g2},
e such that L(A)(x;; n) = A(x;; p), for i =1,2.

To = {x1,%2}, X> = span{q1, q2}.



Offline greedy construction of EIM

For each parameter p,

[5(A) 1) = Bu() () + Ba(e) () + Ba() as() |

such that
B(A)(xi; 1) = Axi; ), =123,
with
q3(x1) =0, q3(x2) = 0, g3(x3) = 1.
Q38(p) = G(p) &

Bi(p) = A(xi; p), Bo(p) = Alxa; ) —A(x1; 1) qu(x2), B3(p) = A(xs; ) —A(x1; 1) gi(x3)—A(x2; 1

L(A)(+; p) is the unique function

e in the space span{qi, g2, g3},
e such that K(A)(x;; u) = A(xi; ), for i =1,2,3.

T3 = {x1,%2,X3}, X3 = span{qi, q2, g3}



Offline greedy construction of EIM

At step M, assuming q1,...,gpm—1 and xq,...,Xp—_1 are known:
1. interpolate the current snapshot using the first M — 1 modes,

2. compute the residual
rm(x) = A(x; ) — Im-1(A)(x; ),
3. select the next magic point at maximal residual magnitude,
Xy = arg max,cq|rm(x)|,
4. normalize the new basis function

rM(x)
rm(xm)’

am(x) =

5. find By for each training parameters



Offline greedy construction of EIM

Algorithm Greedy construction of the EIM basis

1. Choose i1 € argmax,,cg, . [|A(; 1)L~ (q)
2: Choose x; € arg max,cq |A(X; 11)|
3. Define g1(x) = ;\4((;;;/;;))

4: form=2...,Mdo
5: Choose um € argmax,,cg, ..

JAC; 1) = In—1(AG; 1)) Lo(0)

6: Define the residual rp,(x) = A(x; tim) — In—1(A(+; ptm))(x)

7: Choose xp, € argmax,cq |rm(x)|

8: Define gm(x) = r;m((x)g)

9 Let Bm(p) = A(Xm; 1) — Im—1(A)(xum; 1) for each training parameters
10: end for

(In practice, “maximize” is approximated using a training set.)



Offline greedy construction of EIM

Is the interpolation well defined? Is the small M x M linear
system well posed?



Offline greedy construction of EIM

® X, is added to xq,...,Xy_1 to form T,

e The X, are nested : X, = X1 @ span{qn}



Offline greedy construction of EIM

® X, is added to xq,...,Xy_1 to form T,

e The X, are nested : X, = X1 @ span{qn}

This gives
au(xm) =1,  qu(x,) =0 (n< M),

so Qs is lower triangular with unit diagonal.



Abstract setting

Theorem: Well-posedness of eim

For a function g € X, the empirical interpolant /(g) € X is defined by

V[.l, S g IM(g) Xn,[,l/ Zﬁm H)Qm xn) = (Xn,[,l/), n= 17"'7M'

Since Qy is invertible, this interpolant is uniquely defined.



Abstract setting

How good is this interpolation?



Lebesgue constant

When constructing an interpolation procedure, two questions naturally arise:
e how accurate is the interpolation?

e how stable is it with respect to the choice of interpolation points?

= Lebesgue constant.



Lebesgue-type constant

/ o
Ay = sup Im(&)le=
g#0  |glle=

Then for every g € X,

g = Imu(8)lloo < (1+Am) inf g = V|-
VEX)y

So the EIM error is controlled by:
o the approximation quality of X}y,
o the stability factor Ay.



Growth of the Lebesgue constant

The Lebesgue constant is not uniformly bounded as M — oc.

In fact, with polynomials in 1D, one has the lower bound
Ay > Clog M,

for some constant C > 0.

This logarithmic growth is essentially achieved by the Chebyshev points.



Growth of the Lebesgue constant

For more general choices of interpolation points, the situation may be much
worse: the Lebesgue constant can grow exponentially with M!

Then for every g € X,

lg = Im(&)lloe < (1+Am) inf [[g— vl
veXy

Hence, even when the best approximation error decreases, interpolation may
still become unstable.



A more delicate theoretical setting

In the polynomial case, the behavior of the Lebesgue constant is well
understood.

In contrast, for EIM, the theoretical analysis becomes much more delicate.

In particular:
e the interpolation space is problem-dependent,
e the interpolation points are selected by a greedy procedure,

e only limited general theoretical results are available for the growth of the
associated Lebesgue constant.



Then for every g € X,

Iv(g) = In-1(g) + (& — Im-1(8))(xm)qum
= Iv-1(g) + am(g)am

lam(g)] < lg(xm)| + [Im-18(xm)| < [lgllLe + [[Im-18] 1o
thus,
[Im (&)l < llgllee + 2|l Im-18] 1

And thus,
Ay <14+2Apy_1, with A; =1



Connection with EIM

Ay <1+2Ay_1, with Ay =1

yields
Ay <2M —1



Back to the PDE: recovered affine form

Applying EIM to the coefficient gives

A( ) AM X l'l’) Zﬁm
Hence
M
a(w,v;pu) = / A(x; ) Vw - Vv dx = Z Bm(pt) am(w, v),
Q m=1
with
am(w,v) = / am(x) Vw - Vv dx.
Q

This is exactly the affine decomposition needed for efficient reduced-order
modeling.



Conclusion

EIM replaces a non-affine coefficient by an interpolated separated
expansion

A/w( IM(A Zﬁm .u’)qm

The magic points xi, ..., x) determine the online coefficients through
interpolation.

For reduced models, EIM restores an affine decomposition and enables
offline/online splitting.



Conclusion

Basic knowledge on EIM but also :
DEIM
GEIM ...
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